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Abstract

One of the most defining features of economic development in the past twenty years
has been the growth in cross-border financial asset holdings. This paper proposes a micro-
founded, multi-country model with endogenous external asset allocation and preference
heterogeneity in consumption tastes. The model is solved by generalising the method
for determining country asset portfolios proposed by Devereux and Sutherland (2008) to
assets denominated in different currencies and more than two countries. This paper deals
with three stylised facts of external asset allocation: heterogeneity across asset classes
and countries as well as no short selling in aggregate. The proposed model yields a rich
set of theoretical results relating country portfolios to macroeconomic fundamentals and
consumption preferences and is rich enough to replicate the stylised facts in theoretical
calibrations. In an empirical application the model successfully replicates heterogeneity
across asset classes and, to an extent, countries as well as no aggregate short selling of
external assets.

Keywords: External assets, portfolio choice, preference heterogeneity

JEL Codes: F40, F41, G11

*I am grateful to Petra Geraats and Tiago Cavalcanti for many helpful comments and suggestions. I would
also like to thank Hashem Pesaran, Luca Benati and Tomasz Wieladek for comments and suggestions. I have
benefited from comments at the meeting of the European Doctoral Group in Economics 2009 in Aix-en-Provence,
Royal Economic Society Conference 2010 and the 3rd Doctoral Meeting of Montpellier. Finally, I would like to
thank Filipa Sa for permission to use the data on bilateral asset allocation.

tFaculty of Economics, University of Cambridge, ss618@Qcam.ac.uk



1 Introduction

One of the most defining features of economic development in the past twenty years has been
the growth in cross-border financial asset holdings. This fact has been well documented by
Lane and Milesi-Ferretti (2001, 2007). This paper proposes a multi-country dynamic stochastic
general equilibrium model with preference heterogeneity in consumption tastes and endogenous
portfolio choice. The proposed model is then evaluated empirically by verifying its ability to
match three key stylised facts on external asset allocation.

First, according to Lane and Milesi-Ferretti (2001, 2007), stocks of external assets and lia-
bilities are generally positive, that is no short-selling of assets is observed on an aggregate basis.
In more than 60 percent of cases on average, depending on the data considered, the proposed
model replicates this fact even though no short selling constraints are imposed. Second, there is
heterogeneity among countries in average external asset positions across two broad asset classes
this paper considers - bonds and equity. For 18 countries analysed in this paper, which account
for the majority of world GDP and external assets, the proposed model correctly replicates the
sign of 29 to 35 external asset positions in different asset classes from a total of 36. Third,
assets issued by some countries account for a larger share of external asset portfolios of other
regions than would be suggested by their share of aggregate output. A notable example of this
phenomenon is the UK. This fact is also, to an extent, replicated by the model.

There are several reasons it is important to consider external asset allocation both across
asset classes and across countries. First, external asset portfolios have now become large enough
for fluctuations in exchange rates and asset prices to cause very significant reallocations of
wealth across countries (Lane and Milesi-Ferretti, 2007).! Second, observed external asset
portfolios reflect global imbalances, whose danger to the world financial stability for several
years has been the subject of vigorous debate in the literature (Mendoza et al., 2007).2

This paper is the first to consider bilateral asset allocation, that is allocation of external
assets not only between bonds and equity, but also between different countries within the same
asset class. The data set on bilateral stocks of external assets used in this paper is constructed
by Kubelec and S& (2009) and covers 60 to 80 percent of the total of world’s external assets.
For most specifications, the root mean square error of model prediction of asset allocations in
bonds or equity is less than the standard deviation of allocations suggesting that the model
explains some of the variance in external asset allocations.

In terms of methodology, this paper generalises the solution method for optimum asset
allocation proposed by Devereux and Sutherland (2007, 2008) to a framework with multiple
countries, potentially different consumption tastes and two kinds of assets - bonds and equity.
Assets are denominated in the currencies of the issuing regions. The key idea, due to Devereux
and Sutherland (2008), is that time variation in portfolio allocation is irrelevant for determining

first-order behaviour of macroeconomic variables like consumption or price level. Therefore one

1See also, for example, Cavallo and Tille (2006) as well as Tille (2008).
2See also, for example, Blanchard et al. (2005), Obstfeld and Rogoff (2005, 2007), Ghironi et al. (2007),
Hausmann and Sturzenegger (2007).



can solve for the optimal asset portfolio allocation by combining a second-order approximation
of the portfolio selection condition with a first-order approximation to the remaining parts of
the model.

This paper shows how such a combination needs to be adjusted when assets are denominated
in different currencies. It also shows that the key equilibrium condition of the model, when
more than two countries are present, still has an exact solution when expressed in the matrix
form and, in addition, provides some insights on how the existence of multiple solutions can be
analysed. In a contribution similar to this paper, Dedola and Straub (2008) solve for optimum
portfolio choice with a different set of available assets and homogeneous preferences, but restrict
themselves to considering just three countries.

This paper also provides several theoretical results regarding optimum asset allocation and
its relationship to consumption tastes, terms of trade, presence of government spending and
persistence of stochastic shocks. Some of the results replicate earlier contributions in a richer,
stochastic setting with a more realistic structure of asset markets. Thus, this paper obtains
the result originally due to Cole and Obstfeld (1991), who argue that if countries produce
specialised traded goods, real asset returns are equalised across countries due to commodity
trade even if there is no trade in financial assets. This paper also replicates the result of Baxter,
Jermann, and King (1998), who analyse equity of traded and nontraded industries separately
and show that the optimal holdings of equity of nontraded goods industries will depend on the
assumed elasticity of substitution between traded and nontraded goods.

The proposed model of external asset allocation features a world with an arbitrary number of
economies, each populated by a continuum of identical, infinitely lived consumers, who receive
stochastic traded and nontraded endowments. Consumers derive utility from consumption of
a variety of goods and holding real money balances and can trade their traded endowments
and financial assets. The model allows for a non-zero stock of net external assets in the initial
steady state. Different from previous literature, the model also allows for heterogeneity in
consumption preferences across different countries.

The influence of heterogeneity of countries on external asset allocation has been previously
considered by Mendoza et al. (2007), who focused on the heterogeneity in the level of financial
development of countries and they show that countries with more advanced financial markets
will accumulate foreign liabilities. This paper shows that key features of external asset allocation
can be replicated even if financial markets are assumed to have the same level of development.

The optimal steady state foreign asset portfolio allocation is found by considering the first
and second-order approximations of the model around the explicitly derived steady state. A
similar method has been first proposed by Judd and Guu (2001), who use Taylor approximations
for asset demand around the equilibrium that would prevail if there were no uncertainty and
hence no risk. Other contributions to this literature are by Evans and Hnatkovska (2005),
who develop a solution method, which relies on perturbation methods with continuous-time
approximations, and Tille and Van Wincoop (2007), whose approach is essentially similar to
the one by Devereux and Sutherland (2008).



Section 2 of this paper describes the measurement of external assets and the key stylised
facts on external asset allocation across asset classes as well as countries. Section 3 describes
the model and the solution method for the portfolio allocation problem. Section 4 outlines some
theoretical results obtained from the solution and provides potential theoretical explanations
for the results obtained in Section 5. Section 5 discusses data collection, estimation of certain
parameters used in the empirical application of the model as well as the method and the results

of the empirical application of the model. Finally, Section 6 concludes.

2 Stylised Facts on External Asset Allocation

The main source of data on aggregate stocks of external assets and liabilities is the updated and
extended version of the data set constructed by Lane and Milesi-Ferretti (2007). To calculate
the composition of external asset portfolios, this paper uses the data set containing portfolio
allocations for 18 countries compiled by Kubelec and S& (2009). The 18 countries included in the
data set are Argentina, Australia, Brazil, Canada, China, France, Germany, Hong Kong, India,
Italy, Japan, Korea, Mexico, Portugal, Singapore, Spain, United Kingdom and the United
States. In total these countries account for between 60 and 80 percent of the world’s total
external assets.

Kubelec and S (2009) obtain the estimates of portfolio composition of individual countries

3 on asset portfolio composition, where they are available,

by combining existing data sources
with estimates of portfolio weights of various assets generated by gravity models.

The focus of this paper is on external asset holdings by the private sector in the time period
from 1990 to 2005.* There are two reasons for focusing on this period. First, for many of the
countries in the data set it coincides with the removal of capital controls and is therefore most
consistent with the assumption of free capital mobility. Second, there is more of actual data
available for this time period in the aggregate data set by Lane and Milesi-Ferretti (2007). To
obtain private sector asset holdings for individual countries portfolio composition weights from
Kubelec and S& (2009) are multiplied by the aggregate stocks of external assets from Lane
and Milesi-Ferretti (2007) after removing, to the maximum possible extent, government assets
and liabilities. Note that the portfolio composition weights do not necessarily sum up to one,
since countries may have external assets in other countries not covered in the data set. After
obtaining external assets, external liabilities are inferred from the accounting identity, that is,
for example, the liabilities of the UK in bonds, for example, are assumed to equal the total
assets of other countries in UK bonds. The reason the focus is also only on the private sector
external asset holdings is because governments face incentives in their external asset allocation

that are different from those of private agents. In most cases, for example, governments do

3These sources include OECD International Direct Investment database and United Nations Conference on
Trade and Development for foreign direct investment, the IMF coordinated portfolio survey for equity and
debt securities as well as the Locational Banking Statistics by the Bank for International Settlements for debt
securities.

4The data set by Kubelec and S4 (2009) covers the time period from 1980 to 2005.



not maximise their own consumption and instead may be concerned with the distribution of
wealth, etc.

In the data external assets and liabilities are split into the following broad categories: port-
folio equity, foreign direct investment, debt (including portfolio debt and other investment),
financial derivatives and foreign exchange reserves. In this paper we abstract from financial
derivatives, because data on those, even in aggregate, is not available for the majority of the
time period considered. We also abstract from foreign exchange reserves. Even though for-
eign exchange reserves form a sizeable component of external assets for many Asian countries,
they are unlikely to be explained well by a model of endogenous portfolio choice with utility
maximisation as a central goal of economic agents.

The focus of this paper is therefore on the remaining asset categories - portfolio equity,
foreign direct investment and debt. Portfolio equity holdings denote ownership of shares of
companies and mutual funds below the 10 percent threshold (Lane and Milesi-Ferretti, 2007).
FDI can include equity holdings that are above 10 percent, greenfield investments as well as
foreign property investment. Thus, FDI, on the one hand, can be lumped with equity because
there is little conceptual difference between, for example, a 9 percent and a 16 percent stake in a
foreign company, but, on the other hand, greenfield investments and foreign property typically
entail much higher transaction costs than a simple purchase of equity. This paper considers both
cases with FDI modelled as equity as well as with FDI excluded from the data. Subsequently
portfolio equity and FDI together will be referred to as total equity. Debt securities consist of
portfolio debt securities and other debt instruments, which include loans, deposits and trade
credits. These asset classes will be collectively referred to as bonds.

The model developed in Section 3 allows solving for the steady state portfolio allocation.’
The empirical objective of the model is to match long-run average external holdings and com-
position of external assets. Thus, it is necessary to establish whether external asset holdings
are stable over some time period.

To investigate stability, this paper employs Quandt-Andrews test for one or more unknown
structural breakpoints in the ratio of net external assets (including as well as excluding FDI) to
GDP. The advantage of the Quandt-Andrews test is that the Chow breakpoint test is performed
for all dates within a certain time period and the test statistics are summarised into one statistic
for the test of null hypothesis of no breakpoints in the time period considered (Andrews, 1993;
Andrews and Ploberger, 1994). The null hypothesis of no structural break between years 1993
and 2002 is unambiguously not rejected only for six series out of the total of 36, therefore it is
appropriate to split the sample into several parts. The likeliest location for breakpoints in 19
out of 36 series are years 2001 and 2002. This reflects the nature of the dataset, which, for years
prior to 2001 is comprised mostly of estimated values. A further six series have breakpoints in

the years 1995 to 1997, whereas two series have likeliest breakpoints before 1995.¢ This paper

5Tt is possible to extend the method to solve for portfolio allocation dynamics as well, however, given the
scarcity of data on asset allocation, its low frequency and short sample period available this is not pursued in
this paper.

5Detailed results are given in Table A.1 in Appendix A.



therefore splits the sample period in three parts: from 2001 to 2005, since data availability is
best for that period, and two other periods of comparable length - 1990 to 1995 and 1995 to
2000.

The sample period from 2001 has another distinctive characteristic in the fact that five
countries in the sample - France, Germany, Italy, Portugal and Spain have adopted a common
currency in use for all transactions - the euro. Given that the model assumes that every
country has its own currency and the fact that the EMU countries can be expected to have
similar macroeconomic conditions”, the five countries adopting the euro have been grouped into
a single EMU region, thus reducing the number of countries to 14 for the last sample period.

Table A.2 in Appendix A shows the average aggregate private sector net external asset
holdings calculated using the aggregate external positions from the External Wealth of Nations
dataset. Table A.3 shows the average private sector net external asset holdings as a share of
GDP from 1990 to 2005, which are calculated using bilateral holdings for only the 18 countries
in the dataset of Kubelec and Sa (2009). ® A negative entry in Table A.3 means that liabilities
in this category exceed assets. For example, the US has net liabilities in bonds and net assets
in total equity and portfolio equity in all three time periods considered.

Table A.3 shows that there is considerable heterogeneity in aggregate holdings of external
assets. Some countries have net assets in total or portfolio equity (e.g. the United States for
all time periods, Germany in total, but not portfolio equity for all time periods), whereas the
majority of others have net liabilities (e.g. Brazil and Mexico for all time periods in total as
well as portfolio equity). Germany, France and the UK have net assets in bonds for all time
periods, whereas others (e.g. Australia, Canada) have net liabilities. After removing foreign
exchange reserves China emerges with a small negative (and approaching positive) position in
bonds, and Japan has a relatively large positive position in bond

The reader may argue that removing foreign exchange reserves from consideration removes
an important phenomenon that has contributed to the extent of the global imbalances. Some
literature on the determination of currency reserves includes Papaioannou et al. (2006) and, in
particular, Devereux (2009), who constructs a model of the interaction between an emerging
market and an advanced economy in which an optimal general equilibrium portfolio structure
implies that emerging market economies simultaneously build up a stock of foreign exchange
rate reserves while receiving FDI flows from the advanced economy. That model, however,
postulates differences between capital markets of emerging and developed markets. The point
of this paper is to show that heterogeneity in asset allocations can be replicated to some extent
even without postulating such differences and in a purely utility optimising model. Therefore,
one can argue that foreign exchange reserve accumulation is not an essential phenomenon for
global imbalances.

Tables A.4 through to A.12 in Appendix A illustrate the composition of portfolio equity

“Note that this is only assumed for a time period from 2001 to 2005.

8There is a subtle point here that average next external asset holdings as a share of GDP are defined as the
ratio of average external assets to the average GDP, rather then the average of the ratios of external assets to
GDP. This definition is adopted to ensure that when average net external asset holdings in percent of GDP are
multiplied by GDP, they sum up to zero.



assets, total equity and debt securities for three separate periods considered in this paper 1990
to 1995, 1996 to 2000 and 2001 to 2005. A notable feature of the data is that asset allocation
in all three asset categories is generally concentrated in the securities issued by just a few
countries, of which the US and the UK are the most prominent examples. This concentration
seems to have remained fairly stable in equity holdings, but increased in debt holdings. Thus,
from 1990 to 1995 other countries have on average been holding 47 percent of their total equity
portfolio in the United States (52.3 percent for portfolio equity), followed by 45.2 percent from
1996 to 2000 and 47.5 percent from 2001 to 2005 (48.9 percent and 53.5 percent for portfolio
equity respectively). At the same time, the share of debt security portfolio that other countries
have on average allocated to the United States has grown from 29.7 percent during the years
from 1990 to 1995, to 49.3 percent during the years from 2001 to 2005.

The share of total equity in external assets allocated to the UK region has varied from 14
percent between 1996 and 2000 to 12.6 percent between 2001 and 2005 (13.4 and 14.9 percent
respectively for portfolio equity). The average share of debt securities concentrated in the UK
is even higher ranging from 23 percent between 1990 and 1995 to 21.4 percent between 2001
and 2005. The UK is particularly notable given that its share of external asset portfolios of
other countries is much higher than its share in the total output of the 18 countries considered.
This is in part explained by the prominent role of the UK financial industry and the fact that
obtaining accurate data for such countries is complicated by the fact that balance of payments
statistics are constructed on the basis of the residence principle, that is without accounting for
reinvestments of assets Kubelec and S& (2009) and the fact that UK may be an intermediary
of many transactions rather than their ultimate destination. However, as we shall see such a
feature can be replicated by a model without some countries acting as financial intermediaries.

Thus, a model that explains external asset allocation must account for three important
stylised facts. First, stocks of external assets are positive, that is countries do not in aggregate
‘go short’” in each other’s assets. Second, there is heterogeneity in aggregate average external
asset positions, for example, the US and the UK take long positions in equity and short positions
in debt securities. Third, assets issued by some regions have a larger share of external asset
portfolios of other regions than would be suggested by their share of aggregate output. Such

regions are termed financial centres in this paper.

3 A Model of External Asset Allocation

There are X countries in the world indexed by z = 1,..., X. Every country z is populated by
a continuum of infinitely lived, identical consumers with total mass L., whose preferences are
described in Section 3.1. The total world population is assumed to be constant and normalised
to one, since population growth is unlikely to influence asset allocation over the relatively short
time horizons that the model aims to explain. Every period ¢, each individual in each country
z receives an endowment of a traded good unique to that country with a quantity Yzj; and an

additional endowment of a nontraded good with aggregate quantity Yzj\i



In every country z, there is a government that levies a lump-sum tax 7., > 0 on every
individual, issues money M, ; per capita and consumes a bundle of goods G ; per capita with
the same composition of traded and nontraded goods as consumers. Endowments, government
spending and money supply are assumed to be exogenous and governed by the processes de-
scribed in Section 3.2. There is a set of assets to invest in, which consists of riskless bonds and
equity for an aggregate mutual fund of the country. All categories of assets are issued by every
country z. Assets and their returns are described in Section 3.3.

In each period t, first, new shocks to the endowments of traded and nontraded goods as well
as government spending and money supply become known, then returns on assets held from
time t — 1 to time ¢ are determined and paid out. The consumers then decide on assets and
money balances to hold from time t to time ¢ + 1, purchases new assets and consume the rest
of the available income. Section 3.4 describes how the steady state external asset allocation is

obtained.

3.1 Preferences

The lifetime utility function of every individual in country z is:
o0 01—9 o 1 X M 1—v
. — E s—t zZ,8 zZ,8 _ 1 ) .1
U4 tZﬁ ( 1 -0 +1_V (Pz,s) (3.1)

s=t
In (3.1) % are the holdings of real money balances from country z, y > 0 is the relative

preference for real money balances over consumption and v > 1 is the coefficient of relative risk

aversion for real money balances.” The coefficient of relative risk aversion for consumption is
0 > 0, which corresponds to the elasticity of intertemporal substitution of %10 and 0 < < 1is
the subjective discount factor. Thus, the parameters that regulate attitudes towards risk and
discounting are assumed to be the same across all countries.

C,s in (3.1) is the consumption of a basket of traded and nontraded goods aggregated by a
constant elasticity of substitution (CES) index:

1 Az—1 Az—1

DAz
Con = [(R)% (C2) 5+ (1= ) (Clp) 5 |7, (3:2)

)

where C7, is the consumption of nontraded goods from country z, C, , in (3.2) is the consump-
tion of the basket of composite traded goods from X countries of the world (including domestic
traded goods) and 0 < h, < 1 is a heterogeneous parameter that increases the weight of non-

traded goods of region z in the consumption basket. The elasticity of substitution between the

9The assumption of a separable utility function in real money balances is made for tractability. Woodford
(2003) discusses the reasons that one can ignore real balance effects on the marginal utility of income even
without assuming additive separability. The idea involves assuming that money is used in a small amount of
transactions, but is essential for those transactions.

10The latter parameter is more relevant to the model. It is an unfortunate limitation of the widely used
isoelastic utility function that coefficient of relative risk aversion and elasticity of intertemporal substitution are
restricted to be reciprocals of each other.



nontraded good and the basket of traded goods is A, > 0. Solving the expenditure minimisation

problem yields the aggregate price index corresponding to the consumption basket in (3.2):
Py = [h(PN)'"™ + (1= h.) (Plg,) ], (3.3)

where PZ]?’; is the price of nontraded good and PZ, is the aggregate price index of the consumption
basket for traded goods.
The consumption basket for traded goods is given by another CES index:

X o
Chae = [Z ((we)™ (€5 ) + (i) (€15 ] , (3.4)
i#

where O;;-’t is the consumption of traded goods from region j in region z and w,; are preference
weights in the traded goods basket such that ZjX:l wy; = 1 for all z. In (3.4), 7, > 0 is the
elasticity of substitution between traded goods from different countries. The weight of own
traded goods consumption C’Zt in the overall basket of traded goods is w,,. Thus w,, is a
heterogeneous parameter that increases the amount of home bias in consumption for country z
in the steady state. If w,, > %, households prefer traded goods from their own region more than
their average preference for traded goods from other regions and home bias in consumption is
present. Standard models with no home bias are nested by the case when w,, = % Ifw,, < %,
there is a foreign bias in consumption. The aggregate price index for the basket of traded goods

is given by:
- 1 1 =
Yz —Yz
Pl = [Z <wzj (PL,) ) +w.: (P1) ] : (3.5)
itz
where Pg;-’t is the price of the traded good from country j in the currency of country z and PZt

is the domestic price of the traded good of country z.

Consumption baskets in (3.2) and (3.4) allow for heterogeneity in parameters that regulate
tastes for goods from different regions. Preference heterogeneity is introduced in consumption
tastes, but not attitudes to risk or discounting (the parameters o, v and () for two reasons.
First, the assumption that consumption tastes could be more different than attitudes to risk
is intuitive in a sense that agents may more readily disagree over, for example, what brands
of goods they prefer than their valuation of the consumption stream or liquidity services from
real money balances as such. Second, there is empirical evidence establishing heterogeneity in

import demand elasticities for a broad group of countries (Kee et al., 2008).

3.2 Exogenous Driving Forces

The endowments of country z at time t are given by:

Yo = ALYS, Yo = ALY, (3.6)



where Y is the steady state traded endowment and YV is the steady state nontraded endow-
ment. AZT’t and Ai\ft are multiplicative stochastic endowment shocks for traded and nontraded
endowment respectively. In a nonstochastic steady state AT = 1 and AY = 1. The laws of

motion for the shocks are:

)

AL = pfmal, 420, &~ N(0@D)?),  0<pl <1,
(3.7)
AY, = p¥ A 42, &~ N(0,(0Y?),  0<pl <1,

Consumption by the government yields no utility to consumers and evolves according to
Gz,t = Fz,téza (38)

where G, is the steady state government expenditure and T',; is the stochastic component,

which evolves according to:
oy = pSInTey +65, &8~ N(0,(09)?), 0<pf <1 (3.9)

It is again assumed that in the nonstochastic steady state I', = 1. Government spending shocks
are introduced to the model in order to ensure that endowment fluctuations are not the only
sources of real shocks to the economy. One can define a constant g, as the steady state share

111

of nominal** government expenditure in the nominal GDP:

. PG
" PV P

9= (3.10)
In (3.10), P, is the steady state consumption price index, PT is the steady state price of traded
endowment and P is the steady state price of nontraded endowment.

The budget constraint for the government of country z in real, per capita terms is given by

Mz,t - Mz,t—l
Pzt

)

Gzt - Tz,t +

)

(3.11)

Ricardian equivalence holds in this model and one can assume without loss of generality that
the government balances its budget every period. In (3.11) P,, is the consumption price index
in period t and M, is the period ¢ per capita money supply in country z, which is also assumed
to evolve stochastically as

M., = A, 0., (3.12)

where M, is the steady state money supply and A+ is the stochastic component, which evolves

according to

A, =pMInA,, , +6M, &M~ N(O, (aM)2), 0<pM<1. (3.13)

z

HNote that throughout this paper the word ‘nominal’ is used to denote ‘measured in monetary terms’, rather
than measured in constant prices since the model does not feature inflation.



It is assumed that in the nonstochastic steady state A, = 1.
To define exchange rates, let the currency of country 1 be the numeraire and let S; be the
price of country 1 currency in terms of country j currency. The price of country j currency in

terms of country z currency is

Sz,t
Sit

For country z, S.;; is the domestic price of country j currency and a rise in S.;; represents a

Szjt = (3.14)

depreciation of the currency of country z against the currency of country j. Naturally, S,,; = 1.
It is assumed that the law of one price holds for the prices of traded goods, thus, one can apply
(3.14) to write:

Sat pt (3.15)

,t
Sit

T
sz,t

_ T
= 8,;PT, =

3.3 Assets and Budget Constraint

External assets are modelled as contracts signed between agents in two different countries. All
contracts are assumed to last for one period. Each contract involves one party promising to
pay the other party some return in period ¢ in exchange for payment of some price in period
t — 1. The assumption of one period contracts is made for tractability, however, it is not
necessary for the solution method adopted. Some asset categories, such as portfolio debt,
which is included in debt securities, or portfolio equity, are perhaps better approximated as
one period contracts, since they are likely to be motivated by more short-term expectations of
macroeconomic fundamentals.

There are two types of contracts that can be signed, which correspond to bonds and equity.
To illustrate how asset contracts work consider bond contracts as an example. A country j
agent can sign a contract with a country z agent, where country z agent promises to pay country
j agent the return on bond in period t in exchange for payment of the price of the bond of
country z in period ¢t — 1. Then, an agent in country 7 owns bonds issued by agents in country
z, which is denoted by a positive position of country j in country z bonds, Bj,; > 0. A short
position of country j in the country z bonds (B;,; < 0) means that region j agent promises to
pay returns to region z agent in period ¢ in exchange for receiving payment of the price of the
bond of region z in period ¢t — 1. Thus, it is a liability of country j to country z. New asset
contracts are written every period.

All assets are traded on the globally integrated financial market. Asset prices and returns
are denominated in the currency of the issuing country and each asset is assumed to be in zero

net supply. The market clearing conditions for all assets issued by country z are given by:

X X
Y LiBii=0, > LK., =0, (3.16)
j=1 j=1

where Bj,, Kj,, where j # z are the values of country j per capita holdings of respectively
bonds and equity issued by country z and measured in the currency of country z. The focus of

this paper is on the allocation of assets between 2X bonds and equities. The zero net supply

10



assumption and (3.16) merely state that total assets in particular asset category (e.g. country
z bonds), which would be denoted by positive B, ; variables must equal total liabilities in that
asset category, which would be denoted by negative Bj. ;.

To interpret the variable B,, ;, consider that the market clearing condition (3.16) for bonds,
for example, can be written as: Zj;z L;B;.; = —L.B..;, where the left hand side denotes
aggregate net holdings of bonds from region z by the rest of the world and the right hand
side denotes aggregate net bond liabilities of region z to the rest of the world. According to
Lane and Milesi-Ferretti (2007) stocks of external assets and liabilities are generally positive,
therefore asset portfolios that match the real data would generally have B;,; > 0 for all z # j
and B,,; < 0. Note that B,,; < 0 means only that country z has sold some of its issued bonds
to other countries, it does not mean that country z aggregate holdings of its issued bonds are
negative.

It is a well known result that open economy models with incomplete markets, such as
the one proposed in this paper, feature nonstationarity in their equilibrium dynamics. The
common methods of addressing the problem are outlined in Schmitt-Grohe and Uribe (2003),
who consider a small open economy. These methods include introducing an endogenous discount
factor, portfolio adjustment costs, complete asset markets or a debt-elastic interest rate.'? Given
that the focus of this paper is on external asset allocation, the mechanism most appropriate
to induce stationarity is the debt-elastic interest rate. Hence in this paper, the interest rate
payable on riskless bonds varies with the country’s net external asset position in bonds and
equities. The per capita net external asset position of country j in bonds and equity is defined

in the numeraire currency as:

X
Wii = Z {Sit (Bjot + Kja) | - (3.17)
z=1 :
If W;, < 0, the country’s aggregate external liabilities excess aggregate external assets, that
is a country is an international borrower, whereas if W, > 0 the country is an international
lender.

To establish how the interest rate payable on bonds issued by a particular country varies
with its net external position in bonds and equity, first, suppose that every country z has
a hypothetical riskless real bond, which is a claim on one unit of the consumption bundle
consumed by residents of that region. In equilibrium, the expected returns on real bonds would
be equal when measured in the same units. Therefore expressing returns on real bonds of
country j and country 1 in terms of the consumption bundle of country 1, would yield the real
interest parity condition, relating gross returns on real bonds 7, ;4 and r; ;4 and real exchange

rates S’th and §Z7t+1. Real exchange rate of country z to country 1, SZ,t = is the price

of the consumption bundle of country 1 in terms of the consumption bundle of country z in

12 Another method, which does not only eliminate nonstationarity, but makes external asset positions determi-
nate is proposed in Cavallo and Ghironi (2002) and involves overlapping generations. However, since this paper
is concerned with medium term (5 years) asset allocation, it is doubtful that the assumption of overlapping
generations is appropriate.

11



period t. The real interest parity condition is:

Eifr. o] = B (3.18)

Sz,t

T1,641 X Sz,tJrl]
=~ )

where 7,441 = fm, T1t41 = ﬁ and Q) By s the real price of the real bond issued by region
z.

In the model it is assumed that only nominal bonds exist and are traded. Nevertheless, their
prices are affected by the risk premium on hypothetical real bonds, since the risk premium,
which is decreasing in the ratio of net external assets to GDP, is added to the real returns related
by (3.18). The reasons for the risk premium are not modelled explicitly, but could include
fears about sustainability of external debt, possible devaluations, etc. Such a risk premium is
introduced by, for example, Nason and Rogers (2006), where it varies with the debt to output
ratio. Boileau and Normandin (2008) introduce a risk premium in a two country dynamic
general equilibrium model, where it is derived from the existence of a financial intermediary
facing operating costs. All of these authors impose risk premium on bonds, whose returns are
denominated in real variables. The reason for that is that it is necessary to disentangle the risk
premium from inflationary expectations and the (second order) effect of inflation risk, in order
for it to affect the real consumption decisions of households.

Nominal bonds issued by country z in period ¢ — 1, similar to Devereux and Sutherland
(2008), are modelled as claims on a unit of currency of country z in period ¢. Gross nominal
returns on bonds from country z consist of two parts: i, defined such that i,; —1 is the riskless
yield to maturity rate and f(w,;_1), which is the risk premium. Since bonds are claims on

units of currency, the gross nominal return is:

1
QzB,tfl ’

Qat 4 f(Wpo1) = (3.19)
where (). 1 is the period ¢ — 1 price of the nominal bonds issued by country z in the currency
of country z and w,, is the deviation of the ratio of per capita net external position in bonds

and equity to steady state per capita nominal GDP from its steady state level w, that is:

IS . Ssz,t _ o Ssz,t
Vet = pryr 4 pNYN T PIVE 4 PAYN

The risk premium f(w,—1) reflects the dependence of the price of the hypothetical real bond
on w0, ;1. The functional form for the risk premium, is given by:'?
0 f (wZ,t)

f(wz,t) = q (e_(wz,t_wz) J— 1) y Wt < O, (320)

13Lubik (2007) points out that the determinacy and stability properties of models with debt elastic interest
rates are sensitive to the choice of the functional form of the risk premium as well as whether the impact of
the risk premium is internalised by households. For the functional form considered here, a unique equilibrium
always exists.
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The assumption that countries are populated by a continuum of atomistic households means
that every household perceives aggregate net external asset position in bonds and equities as
exogenous, that is it does not internalise the impact of its borrowing decisions on the risk
premium.

The fact that f(w,,) is decreasing in w,, means that, keeping riskless yield to maturity
equal, gross returns on bonds issued by countries whose net external position in bonds and
equity is below its steady state level is higher than on bonds issued by countries, whose net
external position in bonds and equity is above its steady state level. The parameter ¢ > 0
determines how harshly countries are penalised for changes in net external position in bonds
and equities and therefore how quickly the model returns to the steady state. To eliminate
nonstationarity in equilibrium dynamics, it is sufficient to impose the risk premium only on
bonds.

Gross returns on equity from country z, d.; are determined by nominal revenues from the

sale of traded and nontraded endowments:

Ty T Ny N
d _ PZ,tY;I,t + Pz,t)/z,t
zZ,t —

’ Querr (3.21)

where @,k -1 in (3.21) is the period t — 1 price of equity issued by region z, in the currency of
region z, respectively.
Having defined the assets in the model, one can write the nominal budget constraint for in
per capita terms for region z as:
X
S [Suia(Baga + Kol + Mg = PEYE 4 PAYA M.y — Py (Cy + T2y

J=1

(3.22)

b's
+ Z St ((ij,t + f(@j,t—ﬁ)sz,t—l + dj,thj,t—1>] :

j=1
The budget constraint in (3.22) equates the new stock of bonds and equity as well as money to
the difference between the revenues from the sale of traded and nontraded endowments, past
stock of money, received or paid returns on assets and expenditure on consumption and taxes.
Combining (3.11) and (3.22) yields an economy-wide budget constraint for region z in per

capita, nominal terms and without money balances:

X X
D (Su(Buju+ Keju) =Y ((ij,t + f (@j,t—l))sz,t—lszj,t>
j=1 j=1
X (3.23)
+ ) (djuKojao1Sag0) + PLYS + PNYN = Py(Cuy + Gey).
j=1

The definition of net external assets in (3.17) allows writing the budget constraint (3.23) for
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region z measured in numeraire currency:'4

PzT,tha n P,z]\:t}/;]\; B P, (Coi+ GLy)

o (3.24)
Sz,t Sz,t Sz,t

W, = <a;7traz,t + Wi + f(wl,t—l)) +

where a ;, is a 2X — 1 x 1 vector of all per capita asset holdings in the numeraire currency,

apart from the numeraire asset:

r | Kz1p-1 Ba2i—1 Kaop-1 B.xt-1 K.xi-1
z,t St Sa¢ Sa ¢ T Sx¢ Sxt

and r,; is a vector of excess returns adjusted for exchange rate appreciation defined as:

Ty =

[d2,t — (i1 + f(W14)) 2. ixt— (ire + f(14)) Sxe dxt — (i1 + f(14))

SZ,t—l SX,t—l

Sx .t
Sx,t—1

3.4 Model Solution

The solution strategy generalises the method of Devereux and Sutherland (2008) to the choice
among assets which are denominated in different currencies and the presence of more than
two countries in the model. The method is based on the fact that time variation in portfolio
allocation is irrelevant for determining first-order behaviour of macroeconomic variables like
consumption or price level. Therefore the optimal asset portfolio can be found by combining a
second-order approximation of the portfolio selection condition with a first-order approximation

to the remaining parts of the model.

3.4.1 Steady State

The nonstochastic, zero growth and zero inflation steady state of the model described above is
a set of X consumptions, 2X prices of traded and nontraded goods and X — 1 exchange rates
{C.,PT PN S.} for = = 1...X given the steady state traded and nontraded endowments,
government spending, money supply and net external asset position {Y YN G., M,, W,} for
z =1...X such that the 2X goods market clearing conditions for traded and nontraded goods

are satisfied:

X g _pr = jr_,;) —Aj ) )
LY=L [ (1= hj)w;: %TZ ]é (€5 +Gj)
j=1 7 ! (3.25)
_ PN
YZN:hZ|:; } (C, +G,),

14(3.23) becomes (3.24) by adding and subtracting the asset holding and the return on the numeraire, e.g.

St ) . Koji—1(t1 + f(1,))
Sjt-1 Sjt-1 '

Kz’ —1d; Kz - . ~
Pt = = (i = (e + S (101)
Sjt Sjt ’ ’ ’

14



where P; and PY, are calculated using the steady state versions of (3.3) and (3.5) respectively.

In (3.25) as well as (3.26), the steady state per capita government expenditure can be expressed
as (0. — &(PIYI+PIYVY)
z Pz

, where g, is a constant defined in (3.10), which can be obtained from
the data.

The steady state must also satisfy X — 1 steady state versions of the budget constraints
(3.24) for z = 1...X — 1, which, taking into account that excess returns r,; are zero in the

steady state, can be written as:

(57) ()= (PIYI + PYTY — PAC.+ G) (3.26)

B S

The last budget constraint for country X is satisfied automatically due to Walras Law. In
addition to (3.25) and (3.26), X money market equilibrium conditions derived from (3.32) for

any country z must also be satisfied in the steady state:

() -a-me (3.2

1-5 P
plugged into (3.25) and (3.26) thus reducing the number of equations that one needs to solve

=1 B v
From (3.27), one can then express consumption as C, = ( N ) ’ (—]‘&) 0, which can then be

to 3X — 1. In this paper, it is assumed that y = 1 — § to simply the system of equations.
This assumption has no effect on real allocations, since a change in y, simply changes nominal
prices of endowments, but does not affect relative magnitudes. Note that in the steady state
above all consumption levels are effectively determined by the money market equilibrium. This
means that one can only impose X — 1 levels of net external asset holdings, W, which can be
taken from the data (specifically, Table A.2 in Appendix A) and the remaining net external
asset position for country X is determined from the world asset market clearing constraint.
The model described so far in Sections 3.1, 3.2 and 3.3 does not have a closed form solution
even for the steady state, except in very special case when, A\, = 1, 7, = 1, and W, = 0 for
every country z. One can briefly consider some intuition behind such a nonstochastic steady
state with homogeneous consumption tastes, where, for further simplification, one can let for

all z: the traded and nontraded baskets to have equal weight, h, = %, the degree of home

11—k
X-1-

consumption baskets specified in (3.2) and (3.4) in this case become identical Cobb-Douglas

bias be the same for all countries, w,., = &, and, finally, for all z # j, w,; = Consumer
aggregates for every region z. Appendix B derives the terms of trade, real exchange rate and
nominal exchange rates for such a steady state.

The steady state terms of trade of country z with country j in (3.28) are determined by the
relative abundance of traded endowments (e.g. the aggregate amount of the traded good from

country j is L;Y;"):

pT & vT
i - LJ}_/J‘T. (3.28)
S.PT LY
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The steady state real exchange rate between country z and country j is determined by the

relative abundance of both traded and nontraded endowments:

1—rX 1
5 o7\ 2X-1) A AN
Boy (Lt LY (3.29)
SN LYY

In (3.29), 0 < k <1 and X > 1. A rise in the aggregate nontraded endowment unambiguously

causes a real depreciation, lowering the price of the domestic consumption basket with respect
to the foreign consumption basket. The effect of a rise in the aggregate traded endowment
depends on whether there is home bias in consumption.

A rise in the aggregate traded endowment lowers the domestic price of the traded endow-
ment, but also increases relative prices of imports, worsening the terms of trade. This can
change the price level for the traded goods basket and hence aggregate price level in both di-
rections. If k < %, that is consumption of traded goods is biased towards foreign goods then a
rise in the traded endowment increases the aggregate price level for traded goods, which causes
a real appreciation, reflecting Harrod-Balassa-Samuelson effect. If x > % then a rise in the
aggregate traded endowment lowers the aggregate price level for traded goods, which causes a
real depreciation.

If k = %, that is there is no home bias in consumption, the two effects cancel out and
the real exchange rate does not depend on the aggregate endowment of traded goods. As the
number of countries becomes very large (X — o0), the effect on the terms of trade with any
individual country becomes negligible (lim X o0 21(;(—"_)% = —g) and a rise in traded endowment
causes a real depreciation.

The nominal exchange rate between region z and region j is determined by the relative
money supply, the relative abundance of traded and nontraded endowments and the relative

size of government:

_ P _ _ O—v)(1=rX) _ o—v
SZ B (1 — gj)LZ v Mz LzYZT 20(X—1) LjY;N 2v (3 30)
S; N\ —-g.)L;) \M;) \ L;Y] L.YN -

A rise in the steady state per capita money supply unambiguously leads to a nominal depre-

ciation as shown in (3.30). Similarly, a rise in the steady state level of government spending
g. leads to a fall in the demand for currency by the private sector of country z and hence to
a nominal depreciation. The effects of aggregate endowment changes on the nominal exchange
rate are ambiguous and depend on the relative magnitudes of # and v as well as k and X. If
6 > v then a rise in the aggregate nontraded endowment unambiguously leads to a nominal
appreciation and the effects of a rise in the traded endowment depend on whether x > % as
in the case of the real exchange rate. If § < v, then the effects are reversed. The absolute
value of the elasticity of real and nominal exchange rate to changes in traded endowments is a
decreasing function of X, the more countries there are, the smaller is the effect on the exchange

rate.
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Even with simplified preferences, the steady state described above in (3.28), (3.29) and (3.30)
is unambiguously unique only when X < 3. When X > 3, (3.28), (3.29) and (3.30) continue to
describe the unique symmetric equilibrium, which is a solution to an overdetermined system of

equations, which could also have other solutions that are not symmetric.

3.4.2 First-Order Linearisation

To begin deriving the portfolio selection condition, note that maximising (3.1) subject to (3.22)
yields 2X Euler equations for gross asset returns. In other words, for every country z =1... X

and j =1...X, one can write:

Ccf d;1415:;4:1C7 Ccf iiae1 + f(04)S25041C7
Zt o _ 5Et Jt+1R°025,t+1Y 2 t41 Zt 5Et (J,t+1 f( ]:t) Jt+1% 2t 41 ‘ (3‘31)
Pz,t Szj,th,t—l—l z,t Szj,th,t+1

Solving the consumer problem also yields an Euler equation for money demand in country z:

Col _ x (M)
zt 2, E
Pz,t Pz,t (Pz,t) +ﬁ !

—0
Cz,t+1

(3.32)

Pz,t+1

As usual, (3.32) means that the value of converting money to consumption in period ¢ must be
equal to the marginal utility derived from the transactions role of money and the discounted
value of converting money to consumption in period t + 1.

Let country 1 bond be the numeraire asset. Combining (3.31) for country z and the nu-
meraire asset with (3.31) for country z and country j equity'® and linearising the result to
the first order for consumption and price level and to the second order for net external asset

position, returns and exchange rates yields:

A

B[ (dianr = Grann = Bsivrg) = (Grevr = 530)) = dianr (S0 = $30) = 8301850

(= 0niit = Bopir + o = 520 ) (diass = Grs = Betbng) = (i —50))  (3.33)

Lo : P .
5 ([en)? =8y + 82+ 82,0 = Beid, ) | =0+ 0(e),

where ; = log X; — log X denotes the log-deviation of the variable X from its steady state for
all variables, except when otherwise specified.

The linearised combination of Euler equations in (3.33) gives the relationship between the
first and second moments of excess return and certain covariances of model variables. Most
importantly, (3.33) means that excess return is decreasing in the covariance between the excess
return and the linearised stochastic discount factor, which is a measure of appetite for receiving
nominal income at time ¢+ 1: (— 0C, 11— D1+ (Sopr1— éz,t)> . Stochastic discount factor (see

Benigno (2007) or Campbell (2000)) is higher, when consumption falls below the steady state

5Naturally, country j bonds could be used as well.
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value (hence the marginal utility of consumption rises), prices fall below the steady state value
(hence one can buy more consumption for a unit of nominal income) or there is a depreciation of
home currency (hence receiving foreign currency denominated returns becomes more valuable).
When the stochastic discount factor is high, agents desire nominal income more, hence an asset,
which yields more when stochastic discount factor is high, will have a higher price and a lower
excess return.

There are 2X — 1 equations like (3.33) for a given country, one for every asset in the model,
except the numeraire asset over which excess returns are defined. For convenience, one can
group various elements of (3.33) into several vectors. Let §; be a 2X — 1 x 1 vector of exchange

rate deviations from the steady state:
~l ~ ~ A ~ ~l Y )
S, = [0 Sot Sot ... Sxu Sxu| — AS =8, —8§,.

The first element of §; is zero because country 1 currency is the numeraire. Let t; be a 2X —1x 1

vector of deviations from the steady state of returns on all assets but the numeraire:

~ 7 o A~ 3 ~ A~ 7
r, = |:d1,t Qgp — BSWay—1 doy ... Uxy— BSWx 1 dX,t] )

and F,; be a corresponding 2X — 1 x 1 vector of excess returns over the numeraire asset.'®
Finally, one can group the second- order terms into a 2X — 1 x 1 vector f‘%t.” The 2X —1x1

equations of the type of (3.33) can now be written in vector form for any country z as:

1

Bu| (B = D801 ) + 512 000 = (8us1 - 81) = (Fers - Aduya)

(3.34)
— (Pt + 0001 = (Bognn — 520)) X (Frrs — A§t+1>] =0+ 0(e).

In (3.34), - is the element-wise multiplication operator. Subtracting (3.34) for country z from
(3.34) for country 1 yields:

Et = O + 0(63).

(9(éz,t+1 — Crat1) + (Dotr1 — Szp41 — Prag1) + '§z,t> X <f'z,t+1 — Aét+1>
(3.35)
The equilibrium condition in (3.35) means that after exhausting all opportunities for arbitrage,

the covariances between the appetite for nominal income and excess returns are equal in any

country z and country 1, that is they are equal in all countries. Combining (3.34) and (3.35)*®

6The elements of £, ; are e.g. du — (11441 — Bsibn t), etc.
7The elements of f'i,t are d%_’tﬂ — iitﬂ — ﬂgﬁ}%’t, i%7t+1 + ﬂguﬁ%’t + §§,t + §%7t+1 — iitﬂ — 501}%.
18To see how (3.36) is obtained note that from (3.35) it follows that:

Ey

<eéz,t+1 + Pog1 — (8a041 — §z,t)) (Tg41 — Aét-&-l)] = E (01,141 + D1,141) (Fz 041 — ASi41)].
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yields (3.36) - the equation for excess returns, adjusted for the changes in the exchange rate:

. . 1 . . . . . .
Ei[ty i1 — ASiq] = §Et (9(01,t+1 + Copg1) + Pogrr + D1 — (82401 — Sz,t)) X

(3.36)

1.
- _Et[ri,t—l-l] + 0(53)‘

(£oers = A1) | =5

The equilibrium condition in (3.35) and the definition of excess returns in (3.36) are the central
equations necessary to solve the model, since (3.35) pins down asset allocation and (3.36) shows
that expected excess returns are zero to a first-order approximation.

The three key properties of the solution method proposed by Devereux and Sutherland
(2008) are applicable in this case. First, in order to evaluate the left hand side of (3.35),
one only needs to derive expressions for the first-order accurate behaviour of consumption,
real exchange rate (price levels and nominal exchange rate) and excess returns. Second, the
only aspect of the portfolio allocation decision affecting the first-order accurate behaviour of
consumption and excess returns is the steady-state portfolio allocation - a,. The reason is that
portfolio decision only enters via the term a’, ;r,, in (3.24). Since the steady state returns are
equal, the first order expansion of this term is

_z A:): — As
aly r = HE 2SS o), (3.37)

where a, is a 2X — 1 x 1 vector of steady state asset holdings of country z.

Third, to a first-order approximation the term a’(t,; — As;) can be considered zero mean
i.i.d. random variable. This follows from (3.36), which only contains second order terms. The
first-order approximation a’(r,; — AS;) is therefore a linear combination of zero-mean i.i.d.
variables and is itself a zero-mean i.i.d. random variable.

The first-order linearisation of the per capita budget constraint in (3.24) can be written as:

Waop =YL (Dr + 0ey — 820) T U2 (B + 92, — 824) — Co(Cop + Py — 82)

. . R W\ [+ R 1. ) (3.38)
— (G2t + Dot — 524) + F (Zl,t — 5@01,1&—1) + sz,t—l + &0+ O(€).
In (3.38) y7, ¢V, ¢, and &, ; are defined as:
N - IR i
T PIVI + PNV T PIVI ¢ PIYR
Pzéz Széz (fa:,t - Aét)

fz,t =

T PIVI 4+ PIYR BPIYT + PYYN)

which shows how portfolio allocation enters the model via the zero-mean i.i.d. variable &, ; in
the budget constraint of every country.

To solve the model it is necessary to find the log-deviations of per capita consumption in
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all countries (X variables), the prices of every traded and nontraded good in the currency of
own country (2X variables), nominal exchange rates with respect to the numeraire (X — 1
variables), net external position in bonds and equity for X — 1 regions and, finally, the riskless
interest rate for the numeraire region. The net external position in bonds and equity for the
remaining, numeraire region can be obtained using (3.39), which follows from asset market

clearing conditions (3.16):
X
> (kL) (3.39)
7j=1

where k; is a constant defined as:

pT~N T DNy N
PV + PY,

kj = === =
R

Thus, there are 5X — 1 variables to solve for, which requires 5X — 1 equations. Subtracting
(3.38) for country 1 from (3.38) for country z for z = 2... X allows obtaining X — 1 of the
necessary equations as shown in Appendix C.

Another X of the required equations are provided by the money market equilibrium condi-

tions for country z = 1... X, (3.32), which are linearised as:

Bt + 0. =v(1 — B) (et — Pat) + BEOC, 141 + Drrir] + 0(62) (3.40)

The 2X linearised goods market clearing conditions given in (3.41) and (3.42) provide a further
2X of the necessary equations. The linearised market clearing condition for traded goods from

country z is:

Uiy = i [(1 — hj)w: <L_) (SE];T) <%) b - ((%> "

7=1

. R ) . . Ci\ . Gj\ .
< — Nj(Djae — Pie) — i (824 +pzT,t - ij,t)) + (Y—;) Cjt + (Y_;) gj,t)

z

(3.41)

and, similarly, the linearised market clearing condition for nontraded good is:

i PN\ C.+G.\ . C . G.
yiﬁzhz<P) (Mpm—pt)( 7 >+ o E YN>+O( )- (3.42)

z

Appendix C also derives X — 1 linearised risk sharing conditions for country z =2... X:

0(Cop — C1t) + (Dot — D1t — S21)

) ) R ) (3.43)
= FE [Q(éz,t—i-l — Cra41) + (Pott1 — Prps1 — Sopt1) + Bs(Wyr — wl,t)} + 0(62).

The final equation, which incorporates the riskless rate on the numeraire bond!? is simply the

YNote, that this value is already known at time ¢.
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linearised Euler equation for country 1:

—0C14 — Py = Et[il,tJrl — By — 01 441 — Prav1] + 0(62)- (3.44)

Thus, there are 5X — 1 equations that one can solve for 5X — 1 unknowns. In (3.38), (3.41),
(3.42), (3.43) and (3.44) the deviation from the steady state of the aggregate price index is
given by:

PN 1-Az pr 1-)z
Dzp = he (?) o+ (1—h,) ( PQ) Pra, + O(€), (3.45)

z z

and the linearised price index for the aggregator of traded goods (3.4) is:

T sz; o T PN\ T 2
sz,t = Z (UJZJ) p_T pzth + (sz) (P_;w) pz7t + 0(6 ) (346)
i#2 2 2Q

The linearised price of a good from region j in the currency of region z in (3.46) can be obtained
from (3.15) and (3.14):
DLy =i+ 820 — §j4 + O().
The first-order approximate solution for consumption, prices and exchange rates is obtained
by applying the method of Christiano (2002) described in Appendix C. Using this solution,
one can express the relationship between excess returns, after adjustment for exchange rate

changes, exogenous innovations in the model as well as innovations to wealth of X — 1 regions

(i.e. all regions, but the numeraire), which is given by:
fx,t—i—l — Aét+1 = Rlét+1 + Rgut_H + 0(62), (347)

where €; is a 4X X 1 vector, containing exogenous shocks stacked by country:

A |aT AN Ne! M T N Ne. AM
€1 — [51,t+1 E1e+1 C1p+1 L1 oo Ex+l EXtr1 €Xp4+1l EXt+1] 0

and uyyq is an X — 1 X 1 vector, containing innovations to net external assets to all regions

except the numeraire:

LA [52,t+1 coe s Excig fx,t+1] :

R; in (3.47) is a 2X — 1 x 4X matrix and Ry is a 2X — 1 x X — 1 matrix, whose elements
are obtained from the first-order approximate solution in Appendix C. Applying the original
definition of &, ;, yields w4 = H'(f4441 — ASiyq), where H is an X — 1 x 2X — 1 matrix
containing the ratios of asset holdings to nominal GDP:

Sy, Sxax

H = | == ——— ... == -
PYYN + PYYS PYY{ + PYY{E
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One can multiply (3.47) by H' and rearrange to obtain:

w = (Ix_; — H'Ry) 'H'R &1 = Ré 4, (3.48)
where R is a X — 1 x 4X matrix. Combining (3.47) and (3.48) yields:

Fopir — ASiyy = <R1 v RQR) i1 + O().

The next step is to express another part of (3.35) as the function of shocks in the model.

The solution in Appendix C allows writing:

0(Cotr1 — Cratr1) + (Dotr1 — Szp41 — Drasr) + S22 = (Qen + qZ,QR)éH-l + q,3X; + 0(62)7
(3.49)

where q,; is 1 x 4X vector, q,2 is a 1 X X — 1 vector and x; is a 5X — 1 x 1 vector containing
values of exogenous variables and portfolio innovations at time ¢ and qg is a corresponding
1 x 5X — 1 vector. Combining (3.47) and (3.49) allows rewriting (3.35) for regions z and 1 as

the following matrix equation:

Ey

<(qz,1 + qz,2R>ét+1 + qZ,3Xt> X (Rl + R2R> ét+1] = 02x_1x1 + 0(63)~ (3.50)

Given that ((qZJ + qz72]_:~{)ét+1 + qz,gxt> is a scalar, (3.50) is a system of 2X — 1 equations
in (2X — 1)(X — 1) unknowns. However, stacking (3.50) for all regions except the numeraire
(that is X — 1 regions), one obtains enough equations to determine the solution for 2X — 1
elements of the portfolio for X — 1 countries. The remaining element of these portfolios can be
found from the fact that W; is known from the parametrization of the steady state. Finally,
the portfolio of the numeraire country can be found using the asset market clearing conditions
given by (3.16).

If shocks are independent across time, then E,;[€,,1€;,,] = 3, where ¥ is the 4X x 4X
covariance matrix of the exogenous shocks and E;[é,,1x;,,] = 0. Taking expectations and

stacking (3.50) for X — 1 regions yields:

~ ~ /
(Rl + R2R> b (Ql + QQR) = 02X71><X71 -+ O(Eg). (351)
In (3.51) Qg is an X —1x4X matrix given by Q) = [Q2,1 .. gx1]and Qoisan X —1x X —1
matrix given by Q) = [qm . 01X,2]-

In general (3.51) may have more than one solution, which is also acknowledged by De-
vereux and Sutherland (2008). A specific solution, which always exists and has appealing
theoretical interpretation as shown in Section 4, is derived by assuming that the matrix

(Inx_1 + Ro(I — H'R,)'H’) is invertible and that other appropriate inverses exist in which
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case a solution to (3.51) is:*°
H = [R:2Q)(Q3)'R; — RiIR|] 'R XQ)(Q3) " + O(e). (3.52)
When there are only two countries, Qs is a scalar and (3.52) can be written as:
H = [Rle;R; ~QR.ZR,| RZQ, +0(e), (3.53)

which is the formula provided in Devereux and Sutherland (2008). Note that (3.52) means that
the scale of the covariance matrix 3 does not matter because multiplying 3 by a scalar will
not change the optimum steady state asset allocation.

The seeming possibility of multiple solutions, however, is less troubling when one realises
that another way to write (3.51) is in the form AH + HB = C, where:

A =-R.EZR/'R;ZQ|(Q,) 'R, B=Ix,; C=-[REZR|] 'R, ZQ|(Q})™"

This formulation, which is known as Sylvester equation, is advantageous because it is possible
to verify whether multiple solutions exist. A Sylvester equation has a unique solution if and
only if matrices A and B have no common eigenvalues. In numerical simulations in Sections 4
and 5 this always turned out to be the case suggesting that the solution in (3.52) is the most

relevant one.

4 Theoretical Properties of Portfolio Allocation

To build an intuitive understanding of the model described and solved in Section 3, in this
section some simplified calibrations are considered. In particular, the focus is on analysing
conditions under which home bias in equity holdings can arise, conditions when one country
has net assets in equity and net liabilities in bonds, whereas another country has an opposite
situation (similar to the US as ‘a venture capitalist of the world” described by Gourinchas
and Rey (2005)) and conditions when external asset holdings of more than one country are
biased towards a particular country. Unless otherwise noted the calibrations presented below
are sensitive to the assumed values of preference parameters. The calibrations are meant to
illustrate some of the driving factors behind the model and illustrate that the model can match
empirically relevant situations. Section 5 provides a more empirical application of the model.
For benchmark calibrations, unless it is specified otherwise, it will be assumed that the
world consists of two countries ‘Home’, whose currency is the numeraire, and ‘Foreign’. Both
countries have equal steady state traded and nontraded endowments as well as money supply
(that is YT = YT, YN = Y'Y and M, = M for all z), both countries have zero steady state

net external assets, w, = 0 for all z and there is no government spending in the steady state

20To see how (3.52) is derived, one can first expand (3.51) using (3.48) and define two matrices
R!' =Ry(I- H'Ry) 'H’' and R? = H(I — R,H) 'Q). Further rearranging yields (3.52). Note that the
case when (Inx_1 + Ro(I — H'Ry) 'H’) is a matrix of zeros is another solution.
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G, = G = 0. Assume also that preferences are the same across countries (h, = h, A\, = A,
w,, = w and 7, = v for all z), that there is no home bias (w = % for all 7). Finally, assume
that all shocks are white noise (p? = 0 for all z and € {T, N, G, M}) and that the variance
of all shocks is the same in Home and Foreign country and equal to o2.

The reason it is necessary to consider numerical calibrations is that an analytical solution
for the steady state is available only under restrictive assumptions described in Section 3.4.1
and the solution for the first-order approximation of the model is available only when there is no
risk premium, that is ¢ = 0. A model with ¢ = 0 would suffer from the nonstationarity problem
described in Section 3.4.2 and therefore the focus is on numerical calibration. In any case, an
analytical solution to the model with more than two countries and potentially heterogeneous
preference parameters is too complex to be of any practical use.

The solution to the asset allocation problem given by (3.52) depends on the invertibility
of the matrix [R;XQ}(Q5) 'R, — R1XR/]. An interesting case for which this matrix is not
invertible is when the elasticities of substitution are A = v = 1 there is equal preference for
traded goods basket and nontraded goods h = % and some shocks in the model have their
variance set to zero.

If the variance of shocks to nontraded endowments is set to zero, financial assets are redun-
dant and the equilibrium portfolio involves the Home country exchanging any amount of its
equity for the same amount of Foreign equity and taking a zero position in bonds. The reason
for such an equilibrium is that the terms of trade channel is sufficient to hedge risks to traded
endowment. Following a positive transitory shock to Home traded endowment, Home terms of
trade decline proportionately. Due to the increased relative abundance of Home traded endow-
ment, the relative price of nontraded goods to the traded goods basket rises in both cases and
consumption also rises in both countries.?!’ There is no change in net external asset position
of both countries. Thus, international trade in goods alone can ensure perfect risk sharing and
financial assets are redundant. The same result occurs when one eliminates nontraded goods
from the model entirely by removing nontraded goods market clearing conditions and adjusting
the model accordingly. This interaction between trade in goods and trade in financial assets
has been noted first by Cole and Obstfeld (1991) and is also underscored by Corsetti et al.
(2008).

4.1 Home Bias in Equity Holdings

Suppose one further restricts our benchmark preferences to the case when the elasticity of
substitution between traded goods v = 1. Portfolio allocation of equities will then depend

on the interaction between two preference parameters: the elasticity of substitution between
1

) 0"

Figure 4.1 shows how home share of home equity holdings depends on the A parameter.

traded and nontraded goods, A\, and the intertemporal elasticity of substitution

21Specifically a 1% shock to traded endowment leads to 1% decline in the terms of trade, an 0.5% rise in the
relative price of nontraded goods in both country and an 0.25% rise in consumption in both countries, assuming
there’s no government spending.
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Figure 4.1: HOME SHARE OF HOME EQUITY AS FUNCTION OF A
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Note that to interpret external portfolio allocation in terms of home bias in equity holdings
it is assumed that every country initially starts owning 100 percent of its equity, that is 100
percent of the claims to its future nominal GDP, which, in the steady state, has the value of
B(PTYT + PNYN) and no bonds. Home share of home equity holdings for country z can then
be calculated as: _
K..

H =14 -2
T PIVT S PAYY

Recall that K., < 0 in the data. Home bias in equity holdings implies that H, > 1/X with X
being the number of countries. In other words a small external liability in equity as a share of
GDP corresponds in the model to high levels of home bias in equity holdings.

The graph in Figure 4.1 is similar to the one originally obtained by Baxter et al. (1998), who
studied optimal asset allocation with separate equity for traded and nontraded goods industries
in a model with complete markets. In this paper, this result is replicated in a stochastic setting
with incomplete markets and equity modelled as a claim on the country’s aggregate mutual
fund. The allocation in Figure 4.1 is caused by two effects: the intratemporal substitution
between the nontraded good and the traded goods basket, and the intertemporal substitution
between consumption today and in the future.

When \ < %, households are more inclined to substitute consumption over time than sub-
stitute between traded and nontraded endowments. In particular, this means that the marginal
utility of consumption of additional traded endowment is very high when there’s a high amount
of nontraded endowment. Hence, households desire a portfolio that delivers a high pay-out when
the endowment of nontraded goods is high. However, in such an environment the payoff to the
domestic equity portfolio is low when nontraded goods endowment is high, because the nominal

price of nontraded endowment falls more than proportionately. Hence, the desired hedging of
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endowment risk is obtained by holding less than 100 percent of domestic equity.

As the intratemporal elasticity of substitution A increases above %, households are more
inclined to substitute between traded and nontraded endowments than across time. Hence,
households now desire a portfolio that will have a higher payoff when the endowment of the
nontraded good is low. For low values of the elasticity of intratemporal substitution, the price
effect from the change in quantity of the nontraded endowment will still outweigh the quantity
effect, but will be decreasing, so the optimal share of Home equity in Home portfolio increases.
At the asymptote point in Figure 4.1, which is marked by the dotted line, the price and quantity
effects of the rise in the nontraded goods endowment exactly offset and hence equity cannot be
used to hedge risks.

As A rises further, households are still more inclined to substitute across goods than across
time and hence still desire a portfolio that achieves a low payoff when the endowment of
nontraded good is high. However, since now quantity effect from the change in endowment
outweighs the price effect, home nontraded equity delivers a higher payoff when the endowment
of the home nontraded good is high, so it becomes optimal to take short positions in own
nontraded goods sector equity. As the intratemporal elasticity of substitution rises, the price
effect becomes weaker for both home and foreign holdings of equity in nontraded industries and
in the limit it simply becomes optimal to hold pooled portfolios of home and foreign nontraded
industry equity.

The shape of Figure 4.1 remains robust to varying the coefficient of relative risk aversion
for real money balances v, risk premium ¢, and the discount factor [ within their reasonable
values.?? The shape of the graph in Figure 4.1 is also robust to changing 6 so long as 6 > 1, only
the location of the asymptote and the point where it becomes optimal to hold more than 100%
of Home equity portfolio change accordingly. Figure 4.1 is sensitive to changing the values of ~,
the elasticity of substitution between different traded goods, h, the weight on nontraded goods
in the overall consumption index and w, the weight on own traded goods in the traded goods
consumption index.

One of the reasons for the discontinuity observed in Figure 4.1 is the fact that in this
calibration terms of trade allow perfect sharing of the risks to traded endowment. Relaxing
this assumption introduces additional reasons for holding equity.?3

Figure 4.2 shows the home share of home equity as a function of w, which controls home
bias, in consumption for various values of A. In particular, Figure 4.2(a) shows how the Home
share of Home equity changes when é = 2.5, which, as shown in Section 5, seems to be the
empirically relevant case and Figure 4.2(b) shows how the behaviour changes when % = 0.5,
which is a more commonly accepted value in the literature.

For A\ = 1, the behaviour of Home share of Home equity appears similar whether the

22Robustness is verified by letting 1 < v < 10 with a step of one, 0 < ¢ < 1 with a step of 0.01, 0.95 < 3 < 0.995
with a step of 0.01.

230ne can also reformulate the model so that separate asset classes are available for equity of traded and
nontraded industries. In that case, the amount of home bias is actually smaller ceteris paribus, since claims to
nontraded goods industry are more responsive to shocks to nontraded endowment than claims to the aggregate
mutual fund.
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elasticity of intertemporal substitution is greater or less than one. For all values of w < 1 it is
optimal for Home residents to hold more than 100% of Home equity, with the optimal share
approaching 100% (in other words, no asset trade in equity), when w = 1. If w = 1 households
only value their own traded and nontraded endowment. Given that endowment shocks are
independent and Home prices (and equity returns) do not respond to Foreign shocks, trade in
equity (or even goods) cannot generate any risk sharing benefits and hence there are no external

assets or liabilities. This fact does not depend on the values of X or + as seen in Figures 4.2(a)

7
and Figures 4.2(b).

To understand intermediate cases in Figures 4.2(a) and Figures 4.2(b), consider three pos-
sible intratemporal elasticities of substitution: between Home traded endowment and Home
nontraded endowment, between Foreign traded endowment and Home nontraded endowment
and, finally, Home traded and nontraded endowment. The intratemporal elasticity of substitu-

tion is defined as: ( >
dln | &x
C
e(Cx,Cy) = —U;
dln (72 )

X

(4.1)

In the symmetric steady state with equal endowments and money supply, all relative prices
are equal to one and do not depend on preferences (so long as preferences are the same across

countries). Hence, imposing the simplifying assumptions h = 5 and v = 1, and noting that at

1
2
the steady state: %{{—H = w and % = (1 —w) one can apply (4.1) to write the intratemporal
H H

elasticities of substitution as:

Aw
1 —w—A1-2w)

A1 —w)

e
e(Crr, Cy) = A1 — 2w) + w

@(CHH, (j}{v) =

e(Curp,Crg) =1

(4.2)
The elasticity of substitution between foreign and home traded endowments is equal to one,
because v = 1 and it is not affected by being nested in the additional CES aggregator (3.2).

Notice that when w = 1, e(Cyr,C) = e(Cyu, Cf) = A, which is consistent with the intuition
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behind the result by Baxter et al. (1998) described previously. When A = 1, all three elastic-
ities are equal to one. In Figure 4.2(a), this means that the intertemporal substitution effect
dominates the intratemporal one. Hence, Home households desire equity portfolio with high
pay off when Home traded or nontraded endowments are high. In Figure 4.2(b), on the other
hand, households desire a portfolio with low payoff when Home endowments are high, since
the intratemporal substitution effect is now stronger. For low values of elasticities of intratem-
poral substitution, A = 1 and v = 1, however, the price effect from the change in quantity of
the nontraded endowment outweighs the quantity effect, hence Home equity provides a better
hedge against Home endowment risks.?*

When % = 1, neither A\, nor w affect the optimal Home share of Home equity and it is
equal to 50%, that is full diversification in equities is optimal. Varying the values of v does
not change asset allocation in Figure 4.2, instead it only affects the responsiveness of bonds to
macroeconomic shocks and changes the bond position that also arise when varying the home
bias parameter w.

The last two details to notice about Figure 4.2 is, first, that for A > 1, and extreme values
of w =0 or w = 1, optimal equity allocations do not depend on A. This is due to the fact
elasticities in (4.2) do not depend on A for extreme values of w. Second, as A increases there is
less difference between optimum asset allocations. This is due to the fact that the changes in
equity allocation arise partly due to the price effect of changes in endowment, which becomes
smaller as elasticity of substitution rises.

It is also worth emphasizing that allowing for home or foreign bias in consumption (setting

1

w = 3, makes nominal variables responsive to fluctuations in endowments and hence makes

bonds useful as a hedging instrument as well. This was not the case for the result of Baxter
et al. (1998).

Figure 4.3: HOME SHARE OF HOME EQUITY AS FUNCTION OF 7
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Figure 4.3 shows the Home share of Home equity in Home portfolio as a function of ~, the

240nly endowment shocks can be considered here,because steady state government spending is assumed to
be zero and money supply shocks do not affect the real exchange rate or consumption differential in (3.35).
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elasticity of substitution between different traded goods, for various values of A\. There are some
differences in optimum asset allocation depending on whether % < 1or % > 1, but for high
enough elasticities v and A, plausible values for Home bias in equity holdings can be obtained.

Thus, Section 4.1 shows that home bias in equity holdings can be easily obtained simply
by appropriate interactions between intertemporal and intratemporal substitution effects and
modelling equity as a claim on the nominal GDP of the country. The intuition of the equi-
librium condition (3.35) of equating the covariance between the stochastic discount factor and
excess returns underlies more elaborate explanations for particular combinations of preference

parameters.

4.2 Net Assets in Different Asset Categories

In Section 4.1 Home and Foreign countries were entirely symmetric in all relevant characteristics
and, as a result, the optimal asset allocation was also symmetric that is Home holdings of
Foreign equity were equal to Foreign Holdings of Home Equity and the same applied to bond
holdings. In order to replicate the empirically relevant case of countries having asymmetric
asset allocations it is necessary to postulate some heterogeneity in country preferences and/or

macroeconomic fundamentals.

Figure 4.4: HOME NET EQUITY EXPOSURE AS A FUNCTION OF wg
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o

Figure 4.4 shows Home net equity exposure in percent of GDP as a function of Home
parameter regulating home bias in consumption wgy, while keeping wp = % Home net equity

exposure is defined as:2°

7 K
Ky + ——SI;F
Knet -

PEYE + PYYY

Market clearing conditions mean that Foreign net equity exposure is equal and opposite to

Home. It is easiest to see some intuition behind Figure 4.4 if one focuses on departures from

Z5Recall, that home holdings of Foreign equity are measured in Foreign currency, hence the exchange rate
term in the equation below.
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the case of symmetric preferences when wy = % and Home net equity exposure is equal to zero
independently of the values of .

Setting wy different from % effectively leads to excess demand for equity of either Home or
Foreign country, and the Home or Foreign country acquires a positive bond position in exchange
for additional external liabilities in equity. Figures 4.4(a) and Figures 4.4(b) are quite similar in
a sense that Home moves from having net liabilities to net assets in equity (becoming a ‘venture
capitalist’ for the Foreign country) as it moves to home bias in consumption. The lower the
intratemporal elasticity of substitution the more pronounced are the changes, because equity
is more responsive to endowment shocks.

As we shall see in Section 5 preference heterogeneity is not essential to replicating non-zero

net aggregate external asset liabilities in bonds or equity. Figure 4.5 highlights the impact

Figure 4.5: HOME NET EQUITY EXPOSURE AS A FUNCTION OF p%
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of heterogeneity in macroeconomic fundamentals on Home net equity exposure: varying the
persistence coefficient in Foreign nontraded endowment, while keeping all the other shocks
white noise. It is worth noting that the model predicts very high aggregate net equity exposure
when shocks to Home nontraded endowment become very persistent. The intuition behind
this is simple, asset holdings should increase ceteris paribus as shocks become more persistent,
because portfolio excess returns are delivered only once and need to compensate for the impact
of persistent shock on future macroeconomic variables. However, given that such high net
positions are rare in Table A.3 in Appendix A, it is comforting that empirically persistence of
shocks is estimated to be rather low (as shown in Tables A.13 through to A.16).

In Figures 4.5(a) and 4.5(b) the responsiveness of the net equity exposure is now higher
as A increases, as opposed to Figure 4.4. The reason is that as A increases, quantity effects
of changes in endowments matter more in determining the price and equity returns and since
endowment shocks are now persistent, their influence becomes even stronger. A combination of
substitution effects also ensures that Figures 4.5(a) and 4.5(b) provide different predictions for

net equity exposure depending on whether the elasticity of intertemporal substitution is larger
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than unity:.

4.3 Concentrated External Asset Holdings

One of the stylised facts described in Section 2 and visible in Tables A.4 through to A.12 is
that external asset holdings are concentrated in assets issued by particular countries. This
phenomenon cannot be replicated by conventional two - country models, however, the model
proposed in this paper is rich enough to attempt some calibration exercises. In this section,
therefore it is assumed that the world consists of three countries, which are completely sym-

metric in preferences and macroeconomic fundamentals unless specified otherwise. Figure 4.6

Figure 4.6: SHARE OF COUNTRY 2 IN EQUITY PORTFOLIO OF COUNTRY 1 AS A FUNCTION OF pd
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shows the share of Country 2 equity in Country 1 equity portfolio defined as:2¢

for various values of the persistence in traded endowment of Country 2 (as usual all other shocks
are assumed to be white noise). Regardless of the elasticity of intertemporal substitution or A,
when pI = 0, that is all countries are actually the same, the optimal share of Country 2 equity
in Country 1 equity portfolio is % This is to be expected as Country 1 (as well as Country 3)
fully diversify their equity holdings.

As persistence of the traded endowment shock in Country 2 increases, its share in Country
1 portfolio begins to increase reaching very high values for high p. The dynamics are the same
in Figure 4.6(a) and 4.6(b), however the growth of portfolio share is faster for lower elasticity
of intertemporal substitution. Country 2 portfolio share of above 100% implies that Country
1 actually sells short some of the equity of Country 3 to buy additional equity of Country

2. Interestingly, the United States, a central destination for equity investment, is estimated to

26Here the currency of Country 1 is the numeraire.
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have very persistent traded endowment from 1990 to 1995 in Table A.13, although the estimates
becomes close to zero for the latest period in 2001 to 2005. With more countries, the share
of Country 2 equity would not rise as quickly, because countries would be diversifying across
more counterparties.

The reason Country 2 share in Country 1 equity portfolio is rising with the persistence of
traded endowment of Country 2 is simply the fact that Country 2 equity is a better hedge

against the shock that now acquires greater importance due to its persistence.

Figure 4.7: SHARE OF COUNTRY 2 IN EQUITY PORTFOLIO OF COUNTRY 1 AS A FUNCTION OF 0%
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Figure 4.7 shows the share of equity issued by Country 2 in Country 1 portfolio as a function
of the variance of traded endowment of Country 2. Recall that variances are identified up to
the scale parameter. The variance on the horizontal axis is therefore interpreted as relative
magnitude, when o2 = 1, all variances are equal, when o2 < 1, shocks to traded endowment
for Country 2 are less volatile than other shocks and the reverse is true when o > 1. As
expected, when o2 = 1, all countries fully diversify their equity holdings. The responsiveness
of Country 2 portfolio share decreases with the rise in \.

The dynamics in Figure 4.7 are similar for the case when A\ = 1, but different for A > 1.
When elasticity of intertemporal substitution is high as in Figure 4.7(a), the share of Country
2 in Country 1 portfolio decreases when its shocks are less volatile and increases otherwise
presumably due to the fact that Country 2 equity is the best hedge against the more relevant
risk. However, when elasticity of intertemporal substitution is low, Country 2 portfolio share
is actually increases when its shocks are less volatile. This reflects increased desire for constant

income stream by agents with low elasticity of intertemporal substitution.

4.4 Bond Allocation

The focus of the previous discussion has been on equity allocation decisions. However, with
the exception of the first result considered in this session, different equity allocation decisions

also give rise to complementary bond allocation decisions. This topic has so far been much less
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explored in the literature, where a single riskless, often real bond is assumed. In this model the
main driver for bond allocation decisions is different responsiveness of exchange rate of different
countries to different shocks. It is assumed that both countries initially start with no bonds
issuedi hence Home position in Home bonds as a ratio of GDP is simply %—FI}T?—T' In the
data Bppy < 0, which means countries typically sell some of their bonds to other countries in

exchange for their bonds or equity.

Figure 4.8: HoME PosiTioN IN HOME BONDS
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Figure 4.8 shows Home external position in own bonds for different values of the steady state
share of government spending, something which was set to zero in previous sections. Returns
on bonds and bond holdings are very responsive to the value of g, hence the maximum value
considered is g = 0.3. Empirically, as shown in Table A.17, this value does not exceed 0.25.
There are significant differences between Figure 4.8(a) and Figure 4.8(b).

With high elasticity of intertemporal substitution Home external position in own bonds is
negative as expected, but unrealistically high for high values of A\. Low elasticity of intertem-
poral substitution produces positive external position in own bonds unless steady state share
of government spending is fairly high, which contradicts the data. This is one of the driving
forces for the fact that empirical applications of the model as outlined in Section 5 tend to
predict high elasticity of intertemporal substitution. The behaviour of exchange rates in the
model may be quite complicated and is affected not only by changes in endowments, but also
by changes in marginal utility of real money balances, which may arise, among other reasons,
due to a government spending shock, which crowds out consumption in the economy.

Similarly to equity holdings, bond holdings are also overwhelmingly biased towards par-
ticular countries such as the United States. To investigate potential concentration in bond
holdings, it is again assumed that the world consists of three almost symmetric countries. As

in the case of equity Country 2 share of the external bond portfolio is defined as:
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Figure 4.9: SHARE OF COUNTRY 2 BONDS IN COUNTRY 1 BOND PORTFOLIO
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Figure 4.9 shows how Country 2 share of Country 1 overall bond portfolio varies with
changes in persistence of the shock to the money supply in Country 2. In this case there
is no difference in the dynamics of Country 2 share in case the elasticity of intertemporal
substitution is greater or less than unity. As persistence of money supply shocks increases, the
share of Country 2 bonds in Country 1 bond portfolio falls reaching zero when shocks to the
money supply approach persistence. Persistent money supply shocks also negatively affect the
share of Country 2 equity in Country 1 equity portfolio. With persistent money supply shocks
Country 2 currency depreciates by more in response to a positive Country 2 monetary shock
than it appreciates in response to a positive money supply shock in another country. Thus, it

becomes unattractive for other countries to hold Country 2 bonds.

5 Empirical Results

The model proposed in Section 3 requires two kinds of inputs. First, it requires consumption
preferences characterised by the values of the preference weights in consumption aggregates
w,, and h,, elasticities of substitution A, and ~,, and the coefficients of relative risk aversion
6 and v. Second, it requires what could be termed ‘macroeconomic fundamentals’, that is the
values of the autoregressive parameters and the variance of shocks to the stochastic processes
described in (3.7), (3.8) and (3.13), which characterise the deviations from the steady state. The
purpose of this section is to measure macroeconomic fundamentals from the data and identify
the empirically relevant values of consumption preferences. Choosing consumption preferences

that maximise the fit of the model allows one to assess the empirical performance of the model.

5.1 Macroeconomic Fundamentals

To identify the deviations from the steady state and estimate the values of macroeconomic

fundamentals this paper employs a small structural time series model, which is estimated for
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every country in the dataset and every variable x (with = € {T', N, G, M }, that is traded and
nontraded endowments, government spending and money supply respectively) given by (5.1)
and (5.2):

Alnz.; = + 77, (5.1)

Tj,t = PETZ,t—l + EAgzc,ta éth ~ N(0, (Ux)z)- (5.2)

The difference of the series Inx,, in (5.1) is assumed to consist of a constant mean «, and the
AR(1) component 7,; in (5.2). The parameters of interest are p? and (o%)?. All variables are
considered on a per-capita basis. The model in (5.1) and (5.2) is estimated using quarterly
data for the same three separate time periods discussed in Section 2.

The model is estimated for 18 countries in the data set and in addition for three other coun-
tries: Indonesia, Russia and South Africa. These countries were chosen because they account
for a sizeable share of output outside the 18 countries and have reasonable data availability for
production of various sectors of the economy, government spending and money supply. The
simple averages of estimated values of p? and (0%)? are set to be the macroeconomic funda-
mentals for the notional Rest of the World country. The simple average is appropriate if one
treats observations for Indonesia, Russia and South Africa as equally likely observations of the
unknown parameters for the Rest of the World. The Rest of the World country is introduced
because aggregate external asset positions from Table A.2 in parametrising the steady state.
This allows asset holdings for all 18 countries to be the outcome of the optimisation procedure
and avoids the need to use market clearing conditions to obtain asset allocation for one of the
18 countries. Asset allocation for the notional Rest of the World country is ignored.

It should be stressed that no particular theoretical interpretation is placed on the shocks €7,
in (5.2). Instead they should be seen as reduced form shocks reflecting all possible structural
reasons for the change in productivity, government spending or money supply. The simple
model in (5.1) and (5.2) is assumed first, for tractability, and second, to not rely on potentially
different structural models for different countries. Such an interpretation is less demanding to
the knowledge and rationality of households, who need only take into account reduced form
shocks when forecasting the development of macroeconomic fundamentals that is relevant for
their asset allocation decisions. At the same time, it should be acknowledged that forecasting
not based on structural model can be suboptimal, assuming that the Lucas critique is true.

The estimated variances of the shocks in (5.2) provide the diagonal elements for the covari-
ance matrix of the shocks 3 that can be used in empirical application. Theoretically residuals
from these equations could also be used to estimate the off-diagonal elements of 3. However,
because the number of observations is not the same for all models, i.e. there is some missing
data, 32 estimated in such a way will not be positive semi-definite. Such a problem is frequently
encountered in finance literature and one possible solution is to compute a positive semi-definite
matrix that is in some sense closest to the given X using, for example, the method of Higham
(2002). However, that method does not always converge and did not converge for any of the

three time periods considered in this paper.
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In this paper X is therefore restricted to be a diagonal matrix. There are two reasons for
that. First, there is some degree of uncertainty about the data used to calculate macroeconomic
fundamentals. They have missing observations and there is a possibility of substantial mea-
surement error in some cases as well. Basing the empirical results on the full matrix 3 might
therefore make them too dependent on some potentially spurious parameters. Second, the as-
sumption of no correlation between various time series may not be that inappropriate given
the large number of series involved, for example, the correlation between government spending
in Argentina and money supply in Singapore is likely to be insignificant. Importantly, the
restriction that 3 is diagonal is not in any sense weaker than allowing the off-diagonal elements
to be filled by estimated covariances.

The estimated values for the parameters of (3.7), which describes the law of motion for
the deviations from the steady state of traded and nontraded endowments for the countries
considered in this paper are given in Tables A.13 and A.14. The constant mean of the growth
rate o is assumed to reflect trendline growth and is not provided in Tables A.13 and A.14,
since the model in this paper does not feature trendline growth.

The identification of suitable proxies for the activity of the traded and nontraded sector is
an important issue in empirical analysis. A frequently used approach is to look at the sectoral
output data and classify some sectors as traded and others as nontraded (e.g. Stockman and
Tesar (1995) and MacDonald and Ricci (2007)). In particular, it is often assumed that services
are nontraded goods (e.g. Dutton and Strauss (1997), Coeudacier (2009)). Manufacturing
output is typically considered to be traded. For example, Betts and Kehoe (2006) classify agri-
culture, mining and petroleum and manufacturing as traded goods, whereas services, utilities
and construction are classified as nontraded goods. Where available quarterly data on produc-
tion in different sectors of the economy is obtained from the OECD Main Economic Indicators
database OECD (2009). For the countries, where OECD (2009) did not have the data on quar-
terly production in different sectors the author relied on annual estimates provided by Timmer
and De Vries (2007) and for the few case in which those were unavailable as well, the annual
series on industry and services value added in constant dollars from the World Development
Indicators (World Bank, 2009) were used.

In order to convert the annual series to quarterly data this paper used the temporal dis-
aggregation methods proposed by Silva and Cardoso (2001), which involves interpolating the
series using related series that is available on the quarterly basis - GDP.2” Similar methods are
used to generate quarterly estimates of macroeconomic variables by statistical agencies.?®

Table A.13 shows that the most persistent shocks to traded endowments in 1990 to 1995
are in the United States and Germany. On average the traded endowment is estimated to be
the most persistent from 1990 to 1995 and the least persistent from 2001 to 2005. Brazil has
the most volatile shocks to traded endowments in all time periods and the United States and

United Kingdom have the lowest volatilities of shocks to traded endowments. The average

27For the estimates of Chinese GDP at quarterly frequency this paper uses the estimates of Abeysinghe and
Rajaguru (2004).
28This paper uses software proposed in Abad and Quilis (2005) for temporal disaggregation.
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estimated volatility of shocks to traded endowment is almost identical from 1990 to 1995 as
well as from 2001 to 2005 and slightly lower from 1996 to 2000.

Table A.14 shows that Germany also has the most persistent shock to nontraded endowment
in the first time period from 1990 to 1995. The average estimated persistence for nontraded
shocks declines over time, while the average estimated volatility stays remarkably constant.
Argentina is the only country with the estimated persistence of nontraded endowment from
2001 to 2005 being significantly different from zero.

Data on government spending and money supply is collected from the OECD Main Economic
Indicators OECD (2009) (series on government spending in constant prices as well as M2 or
M3 aggregates) and IMF International Financial Statistics IMF (2009b) (deflated government
spending and the sum of money and quasi-money series).

As seen from Table A.15, for the majority of countries the persistence of shocks to gov-
ernment spending is estimated to be not significantly different from zero. The exception is
Portugal, Italy (from 1990 to 1995) and France. The persistence of money supply shocks in
Table A.16 is also often estimated to be low and not significantly different from zero. Both
government spending shocks and money supply shocks are estimated to have approximately
constant levels of volatility over time.

In order to define the steady state for any given value of preferences and macroeconomic
fundamentals one also needs to define the steady state traded and nontraded endowments as
well as the steady state money supply. The steady state money supply is normalised to one
in all of the countries. This is an innocuous assumption, since changes in steady state money
supply will affect absolute, but not relative nominal prices.

As for the steady state endowments, two facts from the data are used to identify those.
First, the ratio between nontraded and traded endowments is set to the average ratio between
the value added in nontraded and traded sector over the corresponding period. Second, the
world real GDP is set to be 1 and the real GDP in individual countries is set to correspond to
their share in the total real output of 18 countries. Lettin YV /YT = 7, and the share of total
output be @,, one can write the traded and nontraded endowments for region z as:

v — Pz YZN _ ﬁz@f .
1+7.

and hence Y and Y can be plugged into (3.25) and (3.26) as functions of prices, 7, and @..
The values of ¢, and 7, as well as the steady state weight of government expenditure g, for

each time period are reported in Table A.17 in Appendix A.

5.2 Implied Consumption Preferences

The primary objective of the empirical application of the model is to replicate external asset
allocation across asset classes and across countries in three time periods. The allocations
between different asset classes is provided in Table A.3 in Appendix A, whereas the allocation

between different countries is given in Tables A.7 through to A.12 in Appendix A. For any
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given values of preference parameters, the resulting matrix of steady state asset allocations H

can be assessed against the following goodness-of-fit criterion:
b's b's
om) (328 ) o (L ) (8 (R
j=1 j=1
b's b's
+1 (Z BZ]) +1 (Z sz> .
j=1 j=1

(5.3)
The first two terms in (5.3) denote root mean square errors of predicted aggregate holdings
of bonds and equity respectively. The second two terms are the root mean square errors of
predicted bond and equity portfolio allocations between countries. The final two terms of (5.3)
are additional penalties for the wrong signs of external aggregate holdings of bonds and equity.
In other words, for each instance when the model fails to predict the sign of aggregate exposure
in bonds or equity (i.e. whether a country has net assets or net liabilities in this asset class),
the penalty functions is increased by one.

There are two reasons for introducing such a correction. First, external asset holdings
contain some outliers that is some countries have extremely high external asset holdings relative
to GDP (e.g. Singapore’s external position in bonds ranging from net liabilities of 584.7% of
GDP in 1990-1995 to net liabilities of 79.5% of GDP in 2001-2005) and the reliance solely on
root mean square errors might bias the model into trying to match these high levels over the
qualitatively significant prediction of the signs of net exposures in bonds and equity. Second,
there may be more uncertainty over the size of net external holdings of bonds and equities than
over their sign. Therefore it is especially important that the model captures the sign of net
external holdings to replicate the heterogeneity observed in the data e.g. the US having net
assets in equity and net liabilities in debt, etc.

As described previously, macroeconomic fundamentals that is the estimated parameters
governing stochastic processes for endowments p! and p%, government spending p& and money
supply pM, as well as the estimated covariance matrix of the shocks, (e7)2, ()2, (¥)? and
(eM)2 for matrix ¥ are taken as given at their values in Tables A.13 through to A.16.

In the parameters that are varied in minimising (5.3), one can distinguish two groups -
those that are assumed to be same across countries and those that are allowed to differ across
countries. The first group includes 6, the coefficient of relative risk aversion with respect to
consumption, v, the coefficient of relative risk aversion with respect to real money balances.
The second group consists of w,., the home bias, h,, the preference for nontraded goods, A,,
the elasticity of substitution between traded and nontraded consumption baskets, and ~,, the
elasticity of substitution between traded endowments from different regions.

The baseline empirical application of the model considers two specifications - the homoge-
neous specification, which keeps the parameters of both groups the same across all countries,
and the heterogeneous specification, which allows the parameters in the second group to vary
across regions. In both specifications, however, it is assumed that the preferences for traded
1

goods from countries other than one’s own are equal to each other, that is w.; = F#2* for all
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j# =

The value of (5.3) is found by first, solving for the steady state of the model for given values
of preference parameters as well as the parameters describing the steady state 7., ¢, and g,
given in Table A.17. The steady state is a solution to the system of 3.X — 1 nonlinear equations.
If the steady state has been found successfully,? the first-order approximation of the model
is obtained using the method of Christiano (2002). Finally, one can find the optimum asset
allocation using (3.52).

Minimising (5.3) is not trivial because it is discontinuous and not differentiable. Disconti-
nuities may arise because the first-order solution of the model is not always available, i.e. the
eigenvalue condition of Christiano (2002) may not be fulfilled, or because asset holdings change
their signs following small changes in preference parameters as described in Section 4. Naturally,
the penalty for wrongly determined signs (the last two terms of (5.3)) also introduces disconti-
nuities. This makes the application of gradient based optimisation methods problematic, since
they may end up converging to a local rather than global minimum.

In order to minimise (5.3) with a homogeneous specification, this paper applies a combina-
tion of simulated annealing algorithm (Kirkpatrick et al., 1983), genetic optimisation algorithm
(Conn et al., 1991) and pattern search algorithm.3 The algorithms are applied in succession
with each step taking the output of the previous step as input until no algorithm can generate
an improvement in the value of the objective function. Such a procedure above does not guar-
antee that a global minimum of (5.3) is found, which is, in general, impossible for optimisation
problems with discontinuous functions and a large number of parameters. Therefore, the results
in Table 5.1 and 5.2 can be seen as conservative in a sense that an even better performance of
the model can potentially be achieved if the algorithms are run for longer time or with different
starting points.

Table 5.1 illustrates the empirical performance of the model for the specification, where
all parameters are assumed to be the same across regions. Several indicators are employed to
evaluate the empirical success of the model. First, root mean square errors are reported in four
categories: predictions of bond and equity portfolio allocations by country as well as predictions
of aggregate net holdings of bonds and equity. Second, the number of correctly predicted signs
of net aggregate holdings in bonds and equity (out of 18 for each category) is reported. Third,

as an overall measure of fit, one can suggest the fraction of variance unexplained defined as:

MSE(H)

F _ ey
vu Var(H) ’

where MSE(H) is the mean square error of predicted asset holdings relative to GDP and
Var(H) is the variance of observed asset holdings relative to GDP. An FVU > 1, means that

simply choosing a mean of asset holdings relative to GDP across all countries would have been a

29Trust-region reflective and trust-region dogleg methods are used to find the steady state. Different starting
values for numerical algorithms are used depending on whether 6 > v or vice versa. In more than 95% of cases
steady state is located successfully in a maximum of 30000 function evaluations.

30These algorithms are accessible in the Global Optimization Toolbox in MatLab.
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better predictor than the model. An F'VU < 1 suggests that the model has better explanatory
power than the sample mean.

The FVU measure, as reported in Tables 5.1 and 5.2, has to be interpreted with care because
the model calibration procedure trades off some of the improvement in the mean square error
in favour of obtaining correct signs of net exposures for different countries. In addition, the
objective of the model is not to replicate the ratio of every single asset holding relative to GDP
per se, but rather functions of these parameters such as the aggregate net exposure and external
asset allocation by countries. Suppose, for example, that the true holdings of two assets, which
together form the entire external asset portfolio, are 5% and 10% of GDP respectively whereas
the model predicts the holdings of these assets at 10% and 20% of GDP respectively.

The model predictions still correctly reflect the fact that % of the external portfolio are
allocated to one asset and % to the other, yet the FVU measure for such prediction would be
equal to 5 suggesting a poor overall fit. Hence an FVU > 1 does not mean that the model has
no value. One can construct individual £’V U measures for various components of the objective
function from Tables 5.1 and 5.2 by squaring the ratio of root mean square error to the standard

deviation of the particular variable of interest.

Table 5.1: EMPIRICAL PERFORMANCE OF THE MODEL, HOMOGENEOUS CASE

1990 - 1995 1996 - 2000 2001 - 2005
Allocation Asset Portfolio Total Portfolio Total Portfolio Total

Bond  0.147  0.090  1.025  0.092  0.280  0.179
(0.105)  (0.105)  (0.104)  (0.104)  (0.158)  (0.158)

Country

Equity ~ 0.146  0.193 0428  0.112 0143  0.178
(0.140)  (0.121)  (0.133) (0.124)  (0.157)  (0.164)
Bond 1.321  1.310 0965  0.793  0.569  0.492
Aggregate (1.373)  (1.373)  (0.751) (0.751)  (0.478)  (0.478)
Equity 0423  0.122 0562  0.135  0.130  0.154
(0.034)  (0.109) (0.135)  (0.130) (0.107)  (0.145)

Sion Bond 17 15 15 15 15 15

&ns Equity 15 16 15 16 14 17
FVU 1101 0.994 21092  0.987  99.68  0.924

Notes: The RMSE of country allocation is the root mean square error of predicted portfolio allocations of
all 18 countries, that is 18 x 17 = 306 holdings. The aggregate allocation refers to the aggregate net holdings
of equity and liabilities (36 holdings). The standard deviation of corresponding holdings is given in brackets.

Table 5.1 suggests that with homogeneous parameters the overall fit of the model is better
when FDI is included in overall equity position (total equity case). The model is able to
replicate from 29 to 32 out of 36 total signs of net asset exposures, however in case of portfolio
equity from 1996 to 2005 it does so at the expense of considerable increase in mean square error
as indicated by the high FVU values.

Table 5.2 shows how the performance of the model improves when taste parameters are

allowed to vary across countries. The best result in terms of the number of signs matched (35
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Table 5.2: EMPIRICAL PERFORMANCE OF THE MODEL, HETEROGENEOUS CASE

1990 - 1995 1996 - 2000 2001 - 2005

Allocation Asset Portfolio  Total Portfolio Total Portfolio Total
Bond 0.099 0.093 0.282 0.093 0.185 0.156
Country (0.105)  (0.105)  (0.104)  (0.104) (0.158) (0.158)
Equity 0.121 0.112 0.245 0.109 0.160 0.103
(0.140)  (0.121)  (0.133)  (0.124) (0.157) (0.164)
Bond 1.255 1.125 0.933 0.821 0.275 0.463
Aggregate (1.373)  (1.373)  (0.751)  (0.751) (0.478) (0.478)
Equity 0.125 0.077 0.434 0.119 0.097 0.122
(0.034)  (0.109)  (0.135)  (0.130) (0.107) (0.145)

Sion Bond 17 17 15 15 17 17

&S Equity 17 17 15 18 17 18
FVU 0.945 0.912 113.45 0.947 1.939 x 10° 0.770

Notes: The RMSE of country allocation is the root mean square error of predicted portfolio allocations of all
18 countries, that is 18 x 17 = 306 holdings. The aggregate allocation refers to the aggregate net holdings of
equity and liabilities (36 holdings). The standard deviation of corresponding holdings is given in brackets.

out of 36) and the overall FVU value is the case of total equity from 2001 to 2005. This is
significant because, in the data by Kubelec and Sa (2009) this period has the least amount of
estimated data. Similarly to the homogeneous case, the overall fit of the model is better when
FDI is included in overall equity position. Heterogeneous case also fits equities better than
bonds both in terms of allocation and aggregate exposures. For example, the F'VU value only
for equity allocation in case of total equity from 2001 to 2005 is (%)2 ~ 0.394.

Table 5.3 shows the implied values for the homogeneous specification of consumption pref-

erences. Several findings emerge from Table 5.3. First, the homogeneous specification indicates

Table 5.3: IMPLIED HOMOGENEOUS PREFERENCES

Parameter 1990 - 1995 1996 - 2000 2001 - 2005
Portfolio  Total Portfolio Total Portfolio  Total
Wiz 0.106  0.945 0.299 0.967 0.509  0.941
h. 0.720 0.894 0.912 0.001 0.043 0.320

Az 13.471 11.688 6.145 6.557 2.845 13.928
Yz 4.296  5.569 2.103 1.371 2.805  4.723
0 0.122  0.157 7.662 0.552 0.189  0.212
10.005 12.000 3.095 9.445 6.130  8.247

1
x
and higher in the case of total equity (where the model performs better) than in the case of

the implied weight of own traded goods to be more than proportional to other countries w,, >

portfolio equity. Second, the implied weight on nontraded goods in the overall consumption
aggregate varies greatly across time periods and depending on whether total or portfolio equity

is considered. For the case of total equity between 1960 to 2000, the implied value actually hits
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a lower bound of h, = 0.001. One should note, however, that this does not mean that the share
of total consumption expenditure on nontraded goods is only 0.1%. For example, the steady

state share of consumption expenditure on nontraded goods is given by:

PNCON pN 1-X;
E__Z =], { Z } .
P,

This means that even with preference parameters restricted to be the same across regions,
expenditure shares on goods from different regions will not be the same. Third, for all cases
and all time periods the implied elasticity of substitution between the basket of traded goods
and nontraded goods is higher than the elasticity of substitution between traded goods from
various countries.

Table 5.3 also shows that implied values of the coefficient of relative risk aversion 6 are
fairly low with the exception of portfolio equity for the period between 1996 to 2000, which
can be considered an outlier due to the overall poor performance of the model as shown in
Table 5.2. This result is best understood in terms of the elasticity of intertemporal substitution
(EIS), which is the reciprocal of the coefficient of relative risk aversion. The implied value
of the elasticity of intertemporal substitution is high, ranging from 1.8 to 8.2 (excluding the
outlier for which i ~ (0.131. This value is higher than most others reported in the literature
although the higher values of implied 6, are consistent with some evidence provided by Chetty
(2006), who uses labour supply data to identify #,. Guvenen (2006) constructs a model in
which stockholders (wealthy agents) have a higher EIS than poor agents. Given that the model
aims to explain the data on external asset holdings, which are likely to be owned by the richest
agents in the economy, this might explain the high level of EIS implied. Vissing-Jgrgensen
(2002) also provides some evidence of EIS being larger than one for the groups of asset holders
with the largest asset holdings.

There is less empirical guidance on the plausible values of v, the coefficient of relative risk
aversion with respect to money balances. Dutkowsky and Atesoglu (2001) estimate a similar
parameter to be approximately 2. The implied interest rate elasticity of money demand, which
is equal to ’g in this model ranges between 0.1 and 0.33! (in absolute value), which is lower than
the range reported in Hoffman and Rasche (1991), who suggest a range between 0.4 and 0.5.

The number of signs of net asset exposures correctly predicted by the model reflect how
well the model replicates heterogeneity in aggregate net exposures, which is the first stylised
fact described in Section 2. The overall FV U measure as well as individual ratios between root
mean square error in different predictions measure how well the model reflects heterogeneity
in country portfolio allocations across different countries. Finally, it is worth noting that the
amount of correctly predicted signs of asset holdings relative to GDP, which is the third stylised
fact described in Section 2 generally ranges between 60% and 70% of the total. Thus, the model

is arguably the most successful in replicating the first stylised fact.

31Note that this is elasticity with respect to the net interest rate. To derive it, one can plug in the linearised
Euler equation into the linearised money market equilibrium condition. The elasticity of money demand with

respect to changes in the gross interest rate is =irE
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Table 5.4 shows the implied values for the heterogeneous specification of consumption prefer-

ences and only portfolio equity included in the data. In Table 5.4 one can see that heterogeneity

Table 5.4: IMPLIED HETEROGENEOUS PREFERENCES, PORTFOLIO EQUITY

1990 - 1995 1996 - 2000 2001 - 2005

Country Waz h- Az Yz Wz h Az Yz Wzz hz Az Yz

Argentina  0.241  0.960 10.206 3.980 0.553 0.919 14.651 2.103 0.911 0.084 2.860 2.749
Australia  0.725 0.724 14.098 3.652 0.301 0.919 14.145 2.103 0.970 0.135 3.341  2.063
Brazil 0.332 0.998 14.160 4.628 0.553 0.653 8.145 2.131 0.907 0.037 1.486 2.841
Canada  0.240 0.701 9.295 4.628 0.549 0.434 14.203 2.108 0.731  0.527 4.721  2.872
China 0.283 0.590 14.954 4.275 0.049 0.919 3.004 2.140 0.702 0.508 2.721  2.848
France* 0.066 0.759 9.953 2.800 0.305 0.690 6.145 2.146 0.482 0.846 3.113  2.747
Germany 0.641 0.222 14.981 4.433 0.303 0.919 6.145 2.108
Hong Kong 0.838 0.558 13.631 4.650 0.299 0.172 2.145 2.611 0.853 0.035 2.852  2.816
India 0.234 0.821 13.415 5.645 0.299 0.938 6.289 2.104 0.930 0.536 3.845  6.332
Italy 0.361 0.080 12.673 3.560 0.299 0.923 6.145 2.103
Japan 0.250 0.414 8.869 4.189 0.424 0.106 1.159 2.106 0.665 0.925 3.533  2.809
Korea 0.626 0.669 14.590 4.111 0.058 0.977 3.146 2.114 0.854 0.118 1.228 2.670
Mexico 0.578 0.291 11.680 2.900 0.807 0.169 2.154 2.103 0.942 0.058 1.104  2.905
Portugal 0.585 0.869 11.680 2.987 0.302 0.419 6.147  0.103
Singapore  0.012 0.004 14.919 4.806 0.799 0.676 1.688 3.106 0.002 0.007 14.982 4.934
Spain  0.711  0.984 10.158 3.775 0.299 0.170 7.149  2.110
United Kingdom 0.356 0.986 12.236 3.653 0.361 0.419 14.145 2.142 0.801 0.182 1.853  3.162
United States 0.189 0.492 14.872 3.824 0.300 0.669 7.145 2.103 0.334 0.987 14.969 2.846

Rest of the World  0.222 0.850 14.223 4.766 0.305 0.928 6.166 2.111 0.518 0.026 2.962  2.949

Mean 0.394 0.630 12.787 3.994 0.377 0.633 6.838 2.087 0.707 0.334 2.431  2.742
Standard Deviation 0.239  0.309 2.117 0.739 0.201 0.313 4.458 0.541 0.272  0.356 3.741  3.111

0 0.119 7.920 0.189
v 6.846 3.097 2.139

2 This row has EMU values for the time period from 2001 to 2005.

of parameters reduces the implied value of v to more realistic values especially in the time pe-
riod from 2001 to 2005, which brings the implied estimate of the interest elasticity of money
demand more in line with the values suggested by Hoffman and Rasche (1991). For the vast
majority of countries Table 5.4 suggest realistic implied values of w,,, the weight of own traded
goods in the consumption aggregate and h,, the weight of nontraded goods. An interesting
exception is Singapore, which has the highest net position in external assets relative to GDP
from 1990 to 2000 (and second highest in the final period). It is the only country for which
the model implies a bias towards consumption of foreign goods in the period from 1990 to 1995
and 2001 to 2005, but not in the period from 1996 to 2000, which is an outlier in the portfolio
equity case.

Table 5.4 also suggests that both the elasticity of substitution between traded goods and
nontraded goods A, and the elasticity of substitution between different traded goods -, are
relatively high, the former parameter is generally larger than the latter and that overall they
decline over time.

Table 5.5 shows the implied values for the heterogeneous specification of consumption pref-
erences and total equity included in the data. The results in Table 5.5, when total equity is
included in the data, share some features with the implied preferences in Table 5.5 in that
for most countries a high value of home bias parameter and elasticities is implied. The most

notable difference between preferences with portfolio equity and total equity is for the time
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Table 5.5: IMPLIED HETEROGENEOUS PREFERENCES, TOTAL EQUITY

1990 - 1995 1996 - 2000 2001 - 2005

Country Wzz h Az vz Wzz h Az Yz Wz hz Az V=

Argentina  0.945  0.987 7.487 5.438 0.978 0.251 1.520 1.375 0.945 0.922 6.080  14.590
Australia  0.801  0.487 3.487 5.063 0.978  0.001 2,772 1.375 0.976 0.307 3.492 7.085
Brazil 0.964 0.097 5.550 7.125 0.978  0.008 1.001  1.373 0.932 0.968 11.502 4.990
Canada 0.852 0.112 6.487 4.344 0978 0947 10.112 1.310 0.836 0.809 4.459 6.174
China 0.945 0.112  13.487 5.563 0.978 0.517 1.020 1.029 0.922 0.956 8.181 2.741
France* 0.945 0.128 1.269 2.813 0.978 0.018 2.524 1.533 0.943 0.026 13.149 4.973
Germany 0.945 0.862 11.050 5.063 0.984 0.002 2.520 1.373
Hong Kong 0.195 0.112 5.487 8.346  0.978 0.001 4.762 3.297 0.351 0.443 15.000 4.778
India  0.945 0.112 2.862 1.313 0.982 0.064 6.734 1.373 0.946 0.737 3.929 4.773
Italy 0.945 0.612 9.487 5.750 0.963 0.354 3.505 2.135
Japan  0.945 0.987 5.769 4.063 0.988 0.014 4.522 1374 0979 0.350 11.178 4.279
Korea 0.945 0.722 9.534 5.563 0.925 0.126 7.393 1.373 0.953 0.009 2.668 6.850
Mexico  0.992  0.237 0.504 6.563 0.996  0.003 5.505 1.000 0.982 0.993 14.999 6.707
Portugal 0.945 0.362 0.987 5.375 0.999 0.001 6.407  2.248
Singapore  0.070 0.112  13.487 14.797 0.523 0.776 4.941 1.248 0.817 0.038 11.482 4.731
Spain  0.945 0.112 8.487 5.563 0.982 0.011 2,521 1.373
United Kingdom  0.960 0.987 13.487 4.563 0.979 0975 10.366 1.037 0.948 0.229 2.306 6.463
United States  0.851 0.112  13.737 7.766  0.978  0.001 6.279 1.373 0.544 0.006 14.996 3.848

Rest of the World 0.945 0.175  13.987 3.063 0.979 0.001 4.520 1.373 0.944 0.624 14.999 5.100

Mean 0.846 0.391 7.718 5.691 0.954 0.214 4.680 1.504 0.868 0.495 4.997 5.411
Standard Deviation 0.257  0.352 4.649 2,771 0.106 0.338 2.745 0.534 0.181 0.385 5.689 4.856

0 0.157 0.614 0.214
v 9.547 5.000 9.300

2 This row has EMU values for the time period from 2001 to 2005.

period between 1996 to 2000. The case with total equity, which has a much better overall FVU
measure has uniformly higher values of the home bias parameter and generally lower elasticities
of demand than the portfolio equity case.

It is worth to briefly study the robustness of results to varying the values of macroeconomic
fundamentals by assuming that macroeconomic fundamentals are the same across countries. To
construct homogeneous preferences, the autoregressive parameters pX as well as the government
spending weight ¢ are set to equal the averages of the corresponding values in Tables A.13
through to A.16. Simple averages are used because macroeconomic fundamentals are estimated
on a per capita basis and there are no points, where the confidence intervals for all of the
18 countries would overlap. In addition, for homogeneous macroeconomic fundamentals the

2 is set

covariance matrix of the shocks X is assumed to be diagonal and equal to oI, where o
to be the mean of the diagonal elements of the original estimated covariance matrix of shocks.
Solving the model with homogeneous fundamentals and heterogeneous preferences yields the
total sum of squares underlying the penalty function that is about two orders of magnitude
higher higher than those with homogeneous preferences and heterogeneous macroeconomic
fundamentals. Naturally, it would perhaps be possible to find a set of consumption preferences
that sustain observed asset allocation even with homogeneous macroeconomic fundamentals.
However, given that differences in macroeconomic fundamentals are empirically relevant, this
robustness check suggests that heterogeneity in macroeconomic fundamentals matters more for
external asset allocation than heterogeneity in preferences.

The results outlined above should not be interpreted as detailed estimates of preference
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parameters for individual countries because the amount of uncertainty involved in the calibra-
tion procedure is considerable. One can, however, make several reasonably robust conclusions.
First, considerable amounts of home bias help to improve the fit of the model to observed asset
allocation patterns. Second, there is more substitutability between traded goods basket and
non-traded goods, than between different components of the traded goods basket. This is con-
sistent with the world, where countries are relatively specialised in their traded endowments.
Third, a large elasticity of intertemporal substitution (larger than one) improves the fit of the

model.

6 Conclusion

This paper studied the problem of determining optimal external asset allocation across asset
classes as well as, for the first time, across countries in a multi-country framework with po-
tentially heterogeneous consumption tastes. Empirically, this paper verified that the proposed
model can to some extent replicate three key stylised facts on external asset allocation - that
external asset holdings are positive, that there is heterogeneity in asset allocation across asset
classes and that assets issued by some countries, for example the UK, have a larger share in
portfolios of other regions than would be suggested by their share in the overall output.

In terms of methodology, this paper has generalised the solution method for the optimum
portfolio allocation problem proposed by Devereux and Sutherland (2008) to the case of mul-
tiple countries and assets denominated in different currencies. The method relies on deriving
the first order linearisation of the model, which is obtained by the method of Christiano (2002)
and subsequently solving a matrix equation to which the general case of the optimal portfolio
allocation problem can be reduced to. It was shown that for most plausible parameter specifi-
cations, there is likely to be only one solution to the asset allocation problem. The numerical
solution allows relating optimum net foreign asset portfolios to many observable macroeconomic
fundamentals (e.g. persistence and volatility of government spending processes) and structural
preference parameters.

Optimum portfolio allocation can change significantly depending on the interactions between
various preference parameters, most notably the elasticity of substitution between traded and
nontraded goods as well the intertemporal elasticity of substitution. The proposed model is able
to generate complicated patterns of asset allocation, including home bias in equity holdings,
and different net positions in external debt and external equity. This paper has also shown
that trade in goods and the terms of trade channel can play an important role in determining
optimum asset allocation. In that context, it is important to acknowledge that an increase
in financial integration has proceeded together with the rise in trade integration, which can
conceivably lead to higher values of elasticity of substitution in traded goods.

A possible extension to the model is to obtain the solution for not just the steady state
portfolios, but for their dynamics. Devereux and Sutherland (2007), in fact, propose another

extension of the method applied in this paper, which relies on a third-order approximation of the
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portfolio choice condition and the second-order approximation of the non-portfolio equations.
Such a second-order approximation could be solved, for example, using the method proposed
by Lombardo and Sutherland (2007), but it would be considerably more complicated in a
multi-country framework.

Another possible extension is to include a more explicit role for production and incorporate
more New Keynesian features into the model, most notably price rigidity. Such an extension
would likely help the model to match the high volatility of nominal exchange rate and would
allow highlighting the role of other sources of risks, for example, the importance of labour income
risk on the international asset allocation. With such modifications, the model could also be
suitable for conducting simulations at business cycle frequencies, which allows comparing the
effects of potentially suboptimal asset allocations on, for example, consumption or exchange
rate volatility. The proposed model could easily nest the case with only a single riskless bond
available (by setting all portfolio innovation terms &, ; to zero) or an arbitrary asset allocation
(by varying the H matrix).

The empirical exercise in Section 5 shows that the model has some promise, but the results
are sensitive to the way the penalty function is specified and there is potentially a lot of
uncertainty over the measurement of macroeconomic fundamentals and the structure of the
covariance matrix of shocks 3. Naturally, the empirical results are also obtained under a large
amount of maintained hypotheses, perfect markets in goods and assets, the definition of equity
and bonds as claims on the aggregate endowment and currency respectively, etc. Hence a more
elaborate empirical exercise might focus on fewer, more similar countries and amend the model
to achieve better empirical performance. The results presented here should be seen as obtained
under fairly strict assumptions. The fact that the model still manages to reflect heterogeneity
in net asset exposures and, to some extent, other stylised facts suggest that even as global
financial markets become more integrated and barriers for trade are removed, heterogeneities
in external asset allocation, including those that give rise to global imbalances, can continue.

In spite of the recent financial and economic crisis, it is likely that world trade and financial
integration will continue and the composition of net foreign asset portfolios will acquire ever
greater significance, not just from the viewpoint of global imbalances, but also for their role
in the transmission of shocks. In particular, more detailed data on foreign asset portfolios
is likely to be available in the future and hence the role of models, which can specifically
consider bilateral and not just aggregate portfolio holdings and relate them to macroeconomic
fundamentals is likely to increase. The model and methods outlined here could be considered

a useful first step for such purposes.
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A Tables

Table A.1: QUANDT-ANDREWS BREAKPOINT TEST RESULTS, p-VALUES FOR THE NULL
HYPOTHESIS OF NO STRUCTURAL BREAK

Country Maximum Exp Average Likeliest Breakpoint

Portfolio Total Portfolio Total Portfolio Total Portfolio Total
Argentina 0.00 0.00 0.00 0.00 0.00 0.00 2001 2001
Australia 0.00 0.00 0.00 0.00 0.00 0.04 2001 2001
Brazil 0.00 0.00 0.00 0.00 0.00 0.04 1999 1999
Canada 0.61 0.60 0.26 0.26 0.19 0.18 1998 2001
China 0.00 0.00 0.00 0.00 0.00 0.00 1998 1998
France 0.28 0.00 0.27 0.00 0.39 0.00 2002 2000
Germany 0.00 0.00 0.00 0.00 0.00 0.00 2002 2001
Hong Kong 0.00 0.00 0.00 0.00 0.00 0.00 1999 1999
India 0.01 0.00 0.01 0.00 0.02 0.00 2002 2002
Italy 0.00 0.00 0.00 0.00 0.00 0.00 2001 2001
Japan 0.09 0.03 0.05 0.01 0.11 0.02 2002 2002
Korea 0.00 0.00 0.00 0.00 0.00 0.00 2002 2002
Mexico 0.00 0.23 0.00 0.12 0.00 0.10 2001 1995
Portugal 0.00 0.00 0.00 0.00 0.00 0.00 2000 2002
Singapore 0.00 0.00 0.00 0.00 0.00 0.00 1997 1997
Spain 0.00 0.01 0.00 0.00 0.00 0.01 1997 2002
United Kingdom 0.01 0.00 0.00 0.00 0.03 0.00 1993 1993
United States 0.41 0.49 0.14 0.24 0.01 0.20 1996 1995

Notes: Portfolio column refers to the net external assets with bonds and portfolio equity, whereas
the Total column refers to the net external assets with bonds and total equity. The maximum statistic
is the maximum of the individual Chow breakpoint F' statistics, whereas the Average is the average
of the individual statistics. Finally, Exp statistic is defined as ExpF = Tziﬂ (X7, exp (3F(1))),
where 7 is the initial time period, 75 the final time period and F'(7) is the individual Chow statistic
for breakpoint at time 7. The year of likeliest breakpoint is determined by the maximum value of

the Chow statistic.

Table A.2: AVERAGE PRIVATE SECTOR NET EXTERNAL ASSET HOLDINGS
(AGGREGATE), 1990 - 2005

Country 1990 - 1995 1996 - 2000 2001 - 2005

Portfolio Total Portfolio Total Portfolio Total

Argentina 4.2 -2.9 -20.7 -35.2 0.0 -25.8
Australia -36.3  -50.1 -16.7 -22.2 -53.4  -59.1
Brazil -22.0 -26.8 -15.7 -26.9 -33.6 -46.4
Canada -18.2  -20.1 -55.4 -61.7 -9.5 -4.3
China -5.7  -10.9 -6.7 -16.4 1.0 -16.2
France 16.0 20.2 3.9 7.5
Germany -5.8 -6.3 2.2 23.7
Hong Kong 138.7 52.9 63.6 75.5 180.9 1524
India 30.8  -30.5 -5.9 -7.6 16.1  -22.5
Italy -4.8 -3.0 0.0 0.2
Japan 2.9 8.4 15.6 18.4 11.7 17.7
Korea -12.3  -11.6 -16.1 -16.4 -28.9  -33.3
Mexico -21.4  -30.6 -24.3 -34.7 -15.4  -37.6
Portugal -8.2  -20.8 -25.7 -32.4
Singapore 21.7  -29.1 -2.7  -307.9 137.2 82.7
Spain -5.0 -16.1 -10.8 -13.8
United Kingdom -1.5 2.8 3.6 -5.5 -36.5 -11.3
United States -0.3 1.9 3.2 3.2 -5.5 -1.0
EMU Total 13.4 22.2
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Table A.17: STEADY STATE PARAMETERS

1990 - 1995 1996 - 2000 2001 - 2005
Country bl Output g Pop. e Output g Pop. yr Output g Pop.
YT z YT z YT z

Argentina 1.94 0.011 0.133 0.006 2.05 0.012 0.129 0.006 1.98 0.005 0.122  0.006
Australia 2.64 0.016 0.184 0.003 2.88 0.016 0.176  0.003 3.18 0.018 0.172  0.003
Brazil 2.26  0.027 0.196 0.029 2.14 0.030 0.200 0.029 1.88 0.021 0.197  0.029
Canada 2.41  0.029 0.229 0.005 2.33 0.026 0.194 0.005 2.54 0.022 0.193  0.005
China 0.60 0.026 0.220 0.218 0.62 0.041 0.210 0.240 0.67 0.057 0.220  0.207
France® 3.97 0.067 0.248 0.011 3.89 0.058 0.010 0.213 3.18 0.220 0.201 0.041
Germany 1.86  0.100 0.193 0.015 2.16 0.087 0.193 0.014

Hong Kong 7.54  0.006 0.078 0.001 9.25 0.007 0.089 0.001 13.06 0.006 0.099 0.001
India 1.17  0.015 0.127 0.162 1.17 0.017 0.127 0.165 1.43 0.018 0.115 0.169
Italy 2.80 0.056 0.208 0.011 2.78 0.048 0.188  0.010

Japan 0.91 0.203 0.141 0.023 0.97 0.176 0.159 0.022 1.02 0.172 0.179  0.020
Korea 2.57 0.019 0.116  0.008 2.49 0.020 0.119 0.008 2.14 0.026 0.131  0.008
Mexico 240 0.018 0.116 0.016 2.20 0.019 0.109 0.017 2.35 0.030 0.117 0.017
Portugal 3.05  0.005 0.194 0.002 3.06 0.005 0.194  0.002

Singapore 1.84  0.003 0.055 0.001 1.86 0.004 0.059 0.001 2.03 0.004 0.070  0.001
Spain 2.95 0.027 0.179 0.007 2.95 0.024 0.174  0.007

UK 3.38  0.052 0.239 0.011 3.36 0.056 0.217 0.010 4.29 0.076 0.213  0.010
USA 3.57 0.323 0.162 0.048 3.44 0.354 0.146  0.047 3.56 0.448 0.155  0.046
Indonesia 0.86 0.088 0.82 0.067 0.84 0.077

Russia 2.03 0.211 2.03 0.211 2.03 0.176

South Africa 2.02 0.214 2.21 0.192 2.39 0.191

Rest of the W.  1.63 0.171  0.423 1.69 0.157 0.430 1.75 0.148  0.437

2 Values for the EMU region are reported in this row for the 2001 - 2005 period.

B Steady State with Homogeneous Consumption Tastes

To derive the steady state with homogeneous consumption tastes, it is assumed that A\, = 1,
v, =1, h, = % and w,, = k and w,; = )1(.__"“1 as well as W, = 0 for all z.

The asset choice first-order conditions in (3.31), and (3.32) and the fact that from (3.20)
it follows that the interest risk premium is zero in the steady state, ensure that gross nominal
returns on all assets are equal in their respective currencies, thus for all z:

Therefore steady state excess returns are zero. There are no changes in nominal exchange rates
in a non-stochastic steady state, so excess returns are also zero when adjusted for currency
appreciation. Therefore, non-zero gross asset positions can be ignored for this derivation.

The aggregate steady state budget constraint in nominal per capita terms is given by:

PIYF 4+ PYYN = P,(C, + G.) (B.1)

By solving the expenditure minimisation problem and taking the limit of the resulting price
index, with the assumption of homogeneous consumption tastes imposed, it is standard to show
that the price indices for the consumption aggregators given in (3.2),P,, and (3.4), PL,, in the
steady state are given by:3?

Py B =L [P ey B.2)
Jj#z

Pz:(pzqu)

N
N

32See e.g. Obstfeld and Rogoff (1996).
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and the consumption demand for own traded, foreign traded and nontraded goods (CT, C_’Z;
and OV respectively) in the steady state is given by:

~ k [ PL P, 1—k PT P - - 1/ P -
OT _ 20 C CT _ 20 Tz Cz ON N Cz B.3
=2 (PZT) (Pz%) 2(X —-1) PZE PL, z 2\ PN (B-3)
with government consumption demands for own traded, foreign traded and nontraded goods
(GT, GZT]- and G respectively) having the same structure.
It is possible to characterise the steady state by finding equilibrium terms of trade and

nominal exchange rates, which combine to obtain equilibrium real exchange rates. Consider
first, the market clearing condition for the nontraded good of region z:

PNYN = PN(ON 4 GT)

which after substituting (B.1) and using (B.3) yields the relative price of nontraded endowment
with respect to traded endowment:

Py vl
= =2 (B.4)

The market clearing condition for the traded good of region z in the currency of region z is:
S, o
L.PTYT = ZL (PT Ch 4+ G" )) x 2+ LPI(CT 46T
J

Using the law of one price (3.15), demand equations (B.3), steady state budget constraint (B.1)
and, finally, equilibrium in nontraded goods market (B.4) yields after rearranging;:

X pT\T 7T &
S 1 P Y'L.S
L PTYT — E J J_ I~z

J#z

Define 9, and h that ¥, = 252 and 7j, = 2oe
efine v, and 7, such that v;, = I. YT and 7;, = 5T
abundance of traded goods in region j to traded goods in region z and 7, is the ratio of export
prices of region j to export prices of region z, that is the terms of trade of region j with region

z. The market clearing condition for the endowment of region z can be rewritten by dividing

by PTYT:
X 1
) [(ﬁ) ﬁjz%’z] =1 (B.5)

i#

v, can be interpreted as the relative

(B.5) intuitively shows that a rise in the abundance of the traded good from region j ceteris
paribus must necessarily be accompanied by a worsening of the terms of trade of region j with
region 2.

Applying (B.5) to write the market clearing condition for the traded good of each country
yields a system of X equations and XX=1) torms of trade.®3 By inspection, for any X, ¥,,7;, =1
for any j and z is always a unique symmetric solution. Thus the steady state terms of trade:

PiS. LY (B.6)
S,PT T LY |

33Note that to construct X()gfl) terms of trade, it is sufficient to define terms of trade with respect to the

numeraire region, that is only X — 1 relative prices are required, as usual.
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T

and
S ngz

Using (B.2) and (B.4), one can express the real exchange rate as a function of
relative nontraded endowments. Using (B.2) again as well as the steady state version of (3.15)
substituting (B.6) and rearranging yields the real exchange rate given in (3.29):

1—rX _ 1
pP.S;  [(LYI\*™ " [LiyV)?
) 2z . . B.7
P;S., <LijT> L.YN (B.7)

Substituting (B.4) into (B.1) and using (B.6) together with (B.7), it follows that the ratio
of aggregate consumption in region z to consumption in region j is equal to the real exchange

rate of region j with region z:
(C.+G.)L ) S, (LY (v (B.8)
C;+ : LyN ) - '

Intuitively, (B.8) means that aggregate nominal GDP is equal in all countries, since prices of all
endowments adjust to reflect their relative scarcity. One can substitute (B.1) into the definition

g. from (3.10):
J: = S7c SN %_z:?%Gz: ,Oz
== pryr s pyyN T B(C. 1 G 1- 4.

Hence the ratio of aggregate private sector consumption can be obtained from (B.8)

_ 1-rX B 1
Lzéz B 1 — gz Ljy;T 2(X-1) LZY'ZN 2 (B 9)
L,6; \1-g;) \L.YT L;yN '

Combining (3.27) for regions z and j one can write
_ _ e
P, o M, Cj v

P, \M;) \C.

Applying (B.6), (B.7), and (B.9) the combination of the money market equilibria can be written

as
B 0 B _ (1-rX)6
P, ((1—g)L.\" (M) [ LYI\""77 (LYY
P, \(1-g.)L; M; LijT L. YN

which can be plugged in (B.7) to obtain the nominal exchange rate of region j to region z in

the steady state given in (3.30):

. 0 R e i N\ 5
S: (=gl \" (ML (LYY 750 (LYY (B.10)
S; (1—-9.)L; M;) \ LY LYY
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C First-Order Approximate Solution

Subtracting (3.38) for region 1 from (3.38) for region z yields the equation for net foreign asset
differential (C.1):

. . w A . L. 7 . .
Wyt — Wiy = (f) (Zl,t - 5§w1,t71> + sz,tfl + sz(pZ,t + sz,t —5.4)
+ gi;v(ﬁgt + gi\jt - <§z,t) - Ez(éz,t + ﬁz,t - §z,t) - gz (gz,t + ﬁz,t - §z,t)
T T | AT _N(AN | ~N A . o ) (C.1)
-y (pu + ?/1,t) — W (Pu + yu) + (P14 Cie) + G1(91,e + D)
1. W\ [+ .
— SWyg—1 — (—) (Zl,t - ngl,t—1> +&p— &t O(€%)
B B
To derive the risk sharing condition, note that linearised (3.18) is:
Ey|(Djavr — Sjasr — Pree1) — (Gpye + Dje — 850 — ﬁu)] = Ei[—dip,
and the linearised first-order condition for asset returns (3.31) is:
—0C,; + 5.4 — Sj1 — Do (C.2)

= Et[ij,tﬂ - /BCUJj,t - 90z,t+1 + Si41 — Sjpt1 — pz,t—i-l]

where %j,t —Bsw,; can be replaced by equity denominated in the currency of region j. Given that
expected returns on riskless nominal bonds should be equal to the expected returns on riskless
real bonds, one can obtain uncovered interest parity, written in terms of nominal riskless rates:

Eifijs1] = Eiltne] + Eif8j41 — 854 (C.3)

Note that 5., is the price of a unit of currency 1 in terms of currency z, that is a positive
5, represents depreciation of currency of region z or an appreciation of currency 1. Applying
(C.3) and subtracting (C.2) written for region z from (C.2) written for region 1 (and their
corresponding bonds), yields the risk sharing condition (3.43).

To ensure the stationarity of the model it is necessary to ensure that there are no bubbles
in prices or exchange rates, that is:

lim Et[§t+T] =0 lim Et
T—o00 T—o0

Zﬁj,tJrT] =0. (C.4)

Jj=1

To justify (C.4), first note that if bubbles in individual price levels do not arise, then no bubble
can arise in nominal exchange rate, since the real exchange rate is driven by real variables.
Obstfeld and Rogoff (1986) show that implosive price bubbles can be ruled out in models of
the type considered here, by relying on the transversality condition lim;_, ﬁt%tc) = 0 and
an additional assumption that the utility function for real money balances is bounded from
above, which it is in (3.1), under the assumption that » > 1. This rules out a case when
lim7_, o ﬁz,t—i—T = —OQ.

It is harder to rule out hyperinflationary bubbles, when limy_,o p, 17 = 00. A suitable
argument for our purposes is given by Obstfeld and Rogoff (1983), who show, under mild
assumptions, that if the government provides a minimum level of fractional backing for the
currency, that is it ensures that a unit of currency will always be able to buy some consumption
good, then hyperinflations can be ruled out.
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A simplified version3* of the canonical form of the linear rational expectations model used
in Christiano (2002) is given by:

r r—1
Ey Z OiXppr_1-i + Z EiVigr—1—i| =0 (C.5)
i=0 i=0

In (C5) r =2, x;is a (5X — 1) x 1 vector of endogenous variables:

r_ A PY AN VS A ST SN g - A AT aN o ~
Xy = [Cl,t Pig Pipx Uit Cop Py Py S2¢ W2p .- Cxp Pxy Pxi SXit wX,t}

In addition, v; in (C.5) is a 5X — 1 x 1 vector containing exogenous variables, which are
relevant for determining endogenous variables:

I [T ~N N ~ ~T ~N ~ A
A [yl,t Yig 91 Mag - Yx Yxp 9xt MXg fX,t}

In (C.5), ©®; are 5X —1 x5X — 1 matrices, whose rows consist of coefficients from (3.41), (3.42),
(3.40), (3.43) and (C.1). The matrices Ey and E; have size 5X — 1 x 5X — 1. The solution for
the behaviour of endogenous variables is of the form:

Xy = Clxt,l -+ C2Vt (C6)

Following Christiano (2002), one can first set the exogenous variables in v, to zero and write
(C.5) as:
Azt+1 + BZt =0

where z; is a 2(5X — 1) x 1 vector given by:

X
7y =
Xt—1

and matrices A and B are 2(5X — 1) x 2(5X — 1) matrices given by:

A— © Os5x—1x5x-1 B— Gl ©,
Os5x—1x5x-1 Iix_1 —Isx_1 Osx_1x5x-1

The ®¢ matrix is singular and hence A is a singular matrix as well. Therefore, following
Christiano (2002), it is necessary to apply the QZ decomposition to find orthonormal matrices
Q and Z and upper triangular matrices T and T4, such that:

QAZ=T, QBZ=T,

and the [ zeros on the diagonal of Ty, which arise due to the singularity of ®¢ matrix, are located
in the lower right part of To**. It is assumed that the upper 2(5X — 1) — 1 x 2(5X — 1) — I
block of Tg, which, as in Christiano (2002), is denoted by Gy is non-singular. Let G; denote
the corresponding upper 2(5X — 1) — [ x 2(5X — 1) — [ block of Ty, and assume that the lower
right [ x [ block of Ty is nonsingular. One can also partition Z’:

Z/ — Ll
L,
34The simplification is in assuming that all countries use the same information set.

35The Matlab routines qzswitch.m and gzdiv.m developed by Sims (2002) are used to find the right decom-
position.

70



such that L; is a 2(5X — 1) — [ x 2(5X — 1) matrix and Ly is a I x 2(5X — 1) matrix. Now, one
can use the eigenvector, eigenvalue decomposition to find matrices A and P such that:

PAP ' = -G;'G,

and find the matrix f’, which is composed of the rows of P! corresponding to diagonal terms
in A that exceed unity in absolute value. The P matrix has to have 5X — 2 — [ rows for the
unique solution to exist. Then, one can define D:

_[P1,
D_[LZ]

One can then partition D into two matrices D; and D, such that Dy consists of the first 5X —1
columns of D and Ds consists of remaining columns. The matrix C; in (C.6) is composed of
the bottom 5X — 1 rows of —(D;)™'D,.

To compute the impact of exogenous variables on consumption and net foreign assets, one
can define the law of motion for exogenous variables (and preference constants) such that:

Vi = q)Vt,1 + ét, (C?)
where €; is a 5X — 1 x 1 vector of shocks defined as:
G

I _ [aT 2N 2 AM AT 2N G  2M
Et—[51,t €1¢ €1t €1t -+ Ext x4 Xt EXg4 fX,t}

The equations in (C.7) are obtained by linearising the laws of motion for exogenous variables,
e.g. the linearisation of (3.6) is:

VI+Yigl, =Y +al, Y+ 0()

Thus §!" = al, and substituting for (3.7) one obtains the linearisations of traded and nontraded
endowments:

ta = Pszng,t—l + éz,t + 0(62) ?int = pivgi\,[t—l + éi\,ft + 0(62)

The laws of motion for government spending (3.8) and money supply (3.12) are linearised in a
similar manner:

9ot = PSGpa1 +ES,HO(E)  thay = pliie oy + €Y+ O(€%)

In (C.7)is a 5X — 1 x 5X — 1 matrix with nondiagonal elements equal to zero and the diagonal
containing autoregressive parameters and zeros:

diag(®) = [p p" of o' s ey PS5 pst 0 o opk oYX A% PN 0]

One can also define matrices K;, n and m such that:

—_
—_

r—

K; = @003+@1C§_1+. +0; n= [Kj(g)(q)’"—l—j)/ m = U€C|: (((I)/)r—l—jE/)]

r—

J

I
=)
I
o

J J
Following Christiano (2002) the matrix Cs is then given by:

vee(Ch) = —n 'm
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Having obtained (C.6), one can derive the excess returns on various assets. First note that
from (3.19) for country j, it follows that Ej,t — Bsjs—1 = —{jpt—1. From (3.36) expected
excess returns, adjusted for currency appreciation are zero, the realized excess return on bonds,
adjusted for appreciation is:

%j,t - /8§wj,t—1 - ('zl,t - ﬁﬂbl,t—l) - (§j7t - <§j,t—1)

C.8
= —FE,1[854 — 8j0-1] + O(€?) o

that is the realised excess return on bonds from country j depends only on the unexpected
appreciation of the currency of region j.
The linearised return on equity from region j, can be obtained by linearising (3.21):
die = 92 (G50 +D10) + 52 (@5 +D5) = Gja

Given that expected excess return on equity is zero, when adjusted for currency appreciation,
one can write the realised excess return on equity adjusted for appreciation as:

~

dje — (ire — Bstig—1) — (850 — 850-1) = U1 (ﬁ?:t + 47, — B (], + ?JjT,t)>+

(C.9)
7 (0% + 3% — B3+ 53 ) = (350 — B 18301)

that is the realised excess return on equity is given by unexpected revenue in the traded and
nontraded sectors minus the unexpected currency depreciation.
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